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Abstract

In orderto morecompletelyunderstandthe living humanbrain additionalcomputational

toolsarenecessaryto manipulateandanalyzevolumetricbrain images.Comparisonsbe-

tweenindividualbrainsandacrosspopulationsof brainsarebecomingincreasinglyimpor-

tant in characterizingboth the anatomyandfunctioningof the brain. This work investi-

gatesatechniqueto registervolumetricmagneticresonanceimagesof thehumanbrainin a

nonlinearfashionallowing moremeaningfulcomparisonsbetweenmultiple individualsor

betweenanindividualbrainanda standardbrainatlas.Themathematicsof 3-dimensional

transformationsarefully developedwhichprovidesaframework for constructionof anob-

jective function. This functionis carefullydesignedto encouragea matchwhile enforcing

certainbiological constraints,andminimizationof the objective function in conjunction

with a multi-resolutionschemebringsabouttheregistrationbetweenimagevolumes.Per-

formanceis analyzedwhich revealsshortcomingsof the techniqueaswell asproviding

insight into theoperationof thealgorithm.Potentialmodificationsto rectify theproblems

arealsodiscussed.
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Chapter 1

Intr oduction

1.1 Background

During thepastseveraldecadestherehasbeenconsiderableinterestin understandingthe

structureandfunctioningof thehumanbrain. In the1970sand1980stheadventandde-

velopmentof minimally-invasiveintracranialimagingtechniquessuchasX-ray computed

tomography(CT), magneticresonanceimaging(MRI), andpositronemissiontomography

(PET)hasprovidedcliniciansaninvaluableview of theliving brain. Theseimagingtech-

niqueshave alsoenableddetailedstudyandanalysisof cerebralanatomyandfunctioning

by neuroscientists.In fact,theprogressandpromiseof brainresearchpromptedPresident

GeorgeBushin 1990to proclaimthecomingdecadeas“the decadeof thebrain” [1].

The speedof researchhasbeenconsiderable,but without direct accessto the living

brainthroughinvasivemeans,thebodyof knowledgeof humanbrainfunctioninghasbeen

slow to expand.Consideringwhatis known aboutnon-humanprimatebrainssuchasmon-

keysin whichinvasivetechniquesareroutinelyutilized,comparatively little is knownabout

thehumanbrain[2, 3, 4, 5, 6, 7]. Perhapsthemosttelling commentaryon thecurrentstate

of knowledgeof humancortex is thatmany contemporaryimagingstudiesstill reporttheir

1



CHAPTER1. INTRODUCTION 2

resultsusingcorticalareanumbersfrom Brodmann’s landmark1909parcellationof thehu-

mancortex. Full accessto themonkey brainhaspropelledresearchin non-humanprimates

far beyondwhatwasidentifiedby Brodmann,yet Brodmannbasedareasarestill usedfor

humanstudies.

Clearly, moresophisticatedandethicallyacceptable(i.e. non-invasive)toolsareneeded

for expandingthebodyof knowledgeregardingtheliving humanbrain. Intracranialimag-

ing techniquescanprovide this neededinsight,but morework is necessaryin developing

andrefiningthecomputationalandanalyticaltoolsassociatedwith brain imaging. In par-

ticular, an accuratecharacterizationof brain structureandfunctioningacrossa groupof

individuals is still difficult to obtain. Thereare significantvariationsin the anatomical

structureof brainsbetweenindividualswhich mustbeaccountedfor in somefashionbe-

foreany meaningfulcomparisonsof functioncanbemade.A robustregistrationalgorithm

is a critical componentof any researchwhich seeksto objectively comparebrainstructure

or functioningacrossmultiple individuals.

Themostcommontechniquefor accommodatingdifferencesbetweenindividualsis to

registereachbraindatasetin theTalairachstereotaxiccoordinatesystem[8] andthenper-

form thecomparison.This Cartesiancoordinatesystemis baseduponspecificsubcortical

landmarkswithin thebrain,andregistrationof theimagevolumesis thenaccomplishedby

finding the appropriaterotation,translation,andscalingof the axesin a piecewise linear

fashion[8]. Thesetransformations,however, fail to accountfor even large variationsin

brainanatomyparticularlyfor corticalstructures.Techniqueswhichutilize additionalnon-

lineartransformationsandlocal scalingsarenecessaryto accommodatethesevariationsin

normal(anddiseased)brains.

Thesetechniqueswhich go beyondsimplelinear transformationsareknown aswarp-

ing algorithmsandtheir developmentis anactive areaof research.A wide varietyof ap-

proachescurrentlyexist which indicatestheimportanceandneedfor thesealgorithms[9].

Most incorporateglobalscalings,linear, nonlinear, andlocaldeformations,andutilize both
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specificanatomicfeaturesaswell asraw imagingdata. However, a robust,automatical-

gorithmwhichachievesaprecisewarp(or match)betweenindividualsor betweenanindi-

vidualandastandardatlashasyet to emerge.

This work investigatesa new approachto volumetric warpingof the imagedhuman

brainwith thegoalsof beingautomatic,robust,andprecise.TheMRI modalitywhich is

arguablyoneof themostpowerful for generalinvestigationof thelivinghumanbrain[10] is

utilizedfor thiswork asit provideshighresolutionimagesof bothstructureandfunctioning

in a completelynon-invasivemanner.

1.2 Applications of Brain Warping

Establishinga biologically viable voxel-to-voxel correspondencebetweenan individual

brainvolumeandeitheranotherindividual or a compositebrainatlashasa wide rangeof

applicationsboth clinically and in the researcharena. Anatomicstructureswhich corre-

spondbetweenindividualsarecalledhomologous,andthey often exhibit a naturalvari-

ability. For example,theearsof two individualsarehomologous,yet arecertainlydistinct

in their particularstructure.Characterizingthevariability of brainstructureis usefulin a

numberof contexts eitherto fully understandnormalbiologic variationor to minimize its

effectsasdescribedin theapplicationsbelow.

If the correspondencebetweena collection of brainswere known, this information

could be usedto easily constructa statisticalbrain atlaswhich characterizesthe global

and local structuralvariationspresentwithin this collection. The ability to characterize

particularclassesof brainsin this way hassignificantdiagnosticpower. For example,it

would thenbe possibleto comparea brainof an unknown classwith theclassof normal

brainsandquantitatively determinetheir similarity in a statisticalsense.Comparisonsof

this type could quickly isolateand identify areasof the unknown brain which exceeded

normalvariationsuchastumorsandotherstructuralpathologies.Usedin aclinical setting,
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thismaynot replacethephysician’sdiagnosis,but wouldbeausefuldiagnosticaid for her.

Froma researchperspective, theability to determinethewarpingbetweenan individ-

ual brainvolumeandanestablishedstandardvolumewould allow researchersto precisely

specify regionsof the brain. The needfor a standardway to do this hasbeena driving

forcebehindtheuseof thepopularTalairachstereotaxiccoordinatesystem.Onedrawback

of theTalairachsystem,however, is its inability to accountfor local structuralvariations–

especiallytowardtheouterregionsof thebrainwherethevariationsaretypically thegreat-

est. Nonlinearwarpingalgorithmshave beendevelopedto addressthis issueby allowing

for localizeddeformations.With a robustandreliablewarpingtechniquescientistsin any

areaof brainresearchcanpreciselyreferenceveryspecificregionsof thebrainin termsof

anestablishedstandardbrain. Uniformity andprecisionarefundamentalcomponentsof a

referencesystemusedto communicateresearchproceduresandreportresults,andthelack

of asystemwith suchcomponentshasbeena longstandingchallengefor researchers.

Warpingtechniquescanalsobeappliedacrosstime measuringthegrowth of a single

brain. Observingbrain developmentin a quantitative fashionby warpingfrom onepoint

in time to thenext significantlyenhancesour understandingof theformationof thehuman

brain[11]. In a similar way, warpingcanbeusedto studythedeteriorationof braintissue

overtimeassociatedwith neurodegenerativediseasessuchasParkinson’sandAlzheimer’s.

In addition to quantifying and accentuatingthe structuraldifferencesbetweenbrain

volumeseitheracrossindividualsor over time, it is alsousefulto usewarpingto minimize

thesedifferences.In experimentsthataim to studybrain functioningacrossa population,

differencesin anatomybetweenindividualsare a confoundingfactor that shouldbe ac-

countedfor. To performthesetypesof studiesrequiresthesubstrateuponwhich thefunc-

tioning occursto bebroughtinto registerin somefashion.This substrateis thestructural

anatomyof thebrain.A warpbetweentwo individualswhich is obtainedusinganatomical

structurecanbeappliedto brainactivationdataenablingthefunctioningof thesebrainsto

becomparedin amoremeaningfulsense.
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It is importantto notethatno singletechniquecansatisfyall the variedrequirements

demandedof brainwarping.For example,modelbasedalgorithmswhichobtainverygood

matchesof homologousstructuresbut requiremanuallabelingof specificfeaturesarenot

suitablein situationswhich requirea large numberof brainsto be automaticallywarped.

Furthermore,it is not particularlyclearwhatconstitutesa goodwarp. Arriving at a warp

whichexactlymatchesintensitiesis notdifficult evenfor brainswhichexhibit featuresthat

areunreconcilablein abiologicalsense[12]. Clearly, though,thiswarpwouldbeof limited

usefulness.Establishingcertainconstraintsunderwhich thewarpcanoccurbecomesthe

trueproblem.Theseconstraintsarenoteasilydetermined,andevenoncethey arestatedin

biological terms,translationof the constraintsinto a mathematicalalgorithmcompounds

the difficulty. The validity of the warp is a significantbiological questionwhich is not

answerablein a generalsense,and must be determinedwithin the context of how and

wherethewarpwill beapplied.

1.3 Project Overview and Organization

This projectseeksto understandandevaluatean alternative approachto the problemof

determiningacorrespondencebetweentwo brainvolumes.Certaindeficienciesof previous

approachesareidentifiedandaddressedwith this new technique,andanevaluationof its

successesandfailuresarepresented.

Thefollowing expositionpresentsthebackground,development,analysis,andconclu-

sionsassociatedwith a newly developed3-dimensionalwarping techniquefor MRI ac-

quiredbrainstructures.Chapter2 providesa review of previouswork in this field includ-

ing theTalairachatlasaswell asmoresophisticatedcontemporaryapproaches.Chapter3

discussesthe technicalcomponentof the currentalgorithmwith an emphasison the as-

sociatedmathematics.Finally, a performanceanalysisandconclusionsarepresentedin

Chapters4 and5 respectively.



Chapter 2

Literatur eReview

Warpingalgorithmscangenerallybedividedinto twocategories:intensitybasedandmodel

based.The former seekto automaticallyregisterbrain volumesbaseddirectly uponthe

intensityof thevoxelswhile remainingwithin certainbiologically establishedconstraints.

The latter rely uponthe accuratelabelingof structuralfeaturesto guidethe warp. These

categoriesarenot mutually exclusive assomeapproachesmake useof both the intensity

andstructuralfeatures.

This chapterdiscussesthe relevant informationthat is available in the literaturecon-

cerningthesetechniques.Due to its pervasive usein the neurosciencecommunities,it

is alsonecessaryto discussthe brain referencesystemfirst developedby Talairachet al.

known astheTalairachstereotaxicatlas[8, 13,14].

2.1 Talairach StereotaxicAtlas

The Talairachatlaswas originally developedin the late 1950sas a referenceframe for

stereotaxicneurosurgery [15]. Usinga stereotaxicdevice which is rigidly attachedto the

headof the patient,neurosurgeonscanpreciselypositiontheir surgical equipmentwithin

thebrainof thepatientfacilitatingtheefficientbiopsyor removal of tumors,epilepticfoci,

6
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Figure2.1: Stereotaxicneurosurgical devices.(StereoguideandStereoadapterfromSand-
strömTradeandTechnology Inc.)

andotherpathologies.(Figure2.1showsanexampleof astereotaxicdevice.) Asastandard

coordinatebasedreferenceframethe Talairachstereotaxicatlasprovidesa commonand

preciselanguagewhich is superiorto descriptive imagesfor specifyingspecificregions

within thebrain[16]. Thisaffordssurgeonswith knowledgeof notonly thespaceoccupied

by thepathologicprocessbut alsoof theanatomicstructuressurroundingthearea[8].

The availability andsimplicity of this referenceframeled to its usein otherareasof

brainresearchsuchasbrainmappingwhereit hasbecomethedefactostandardfor com-

municatingresearchresults.Additionally, theability to placeany brainwithin theTalairach

coordinatesystemhasledto its useasaregistrationmethod.With thistechniquetwo brains

canbebroughtinto registersimplyby determiningtheTalairachcoordinatesfor eachbrain.

The Talairachatlasis alsoapplicableover a wide varietyof imagingmodalitiesenabling

inter-modalityregistration.For thesereasons,useof theTalairachbrainatlashasbecome

widespread.

The Talairachcoordinatesystemis specifiedby first defining a line which passes

throughthe superioredgeof the anteriorcommissure(AC) and the inferior edgeof the
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PC AC
�

Inferior

Superior
�

Anterior
�

Posterior

VCA
�

VCP
�

Figure2.2: Sagittal view of theTalairach proportionalgrid system.

posteriorcommissure(PC)[8]. This line is known astheAC-PCline andis shown in Fig-

ure2.2 asthebold horizontalline. Thesecondstepis to definethemidplaneasthe inter-

hemisphericsagittalplane.Thehorizontalplaneis thendefinedasthatwhich containsthe

AC-PCline andis perpendicularto the midplane. Third, a vertical line perpendicularto

thehorizontalplaneandpassingthroughtheposteriormargin of theanteriorcommissure

specifiestheverticalaxis. A planecontainingthis line andperpendicularto theothertwo

planesis known astheverticofrontalplane (VCA) [8]. Theintersectionpointof thesethree

planesspecifiestheorigin of thecoordinatesystem.A fourth planeis alsodefinedwhich

is parallelto theveritcofrontalplanebut containstheposteriorcommissure(VCP).

With this system,eachof the twelve sectionsare boundedby at leastone anatomi-

cal landmarkon the inside(AC, PCor bothAC andPC).On theoutsidethe sectionsare
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boundedby thefullest extentof thebrainin theprincipledirectionsdefinedby thecoordi-

natesystem(anterior, posterior, superior, inferior, or lateral).Eachparticularbrainextends

by differentamountsin thesedirectionsin absolutetermsandsotheTalairachcoordinate

systemhastheeffectof linearlyscalingeachsectionbasedontheparticularbrainto which

thecoordinatesarebeingapplied.

In practice,registrationof a brainvolumewith theTalairachcoordinatesystemis au-

tomatedby useof an intensitybasedaffine transformation.Theaffine parametersarees-

timatedby comparingthe brainvolumewith a compositereferencevolumecomposedof

brainspreviously registeredto the Talairachcoordinates.One suchtechniquehasbeen

developedby LouisCollins etal. at theMontrealNeurologicalInstitute[17].

This proportionalcoordinatesystemhasprovento bequiteusefulfor mappingthehu-

manbrain,but therearesomesignificantshortcomings.To bring two brainsinto register

usingthe Talairachsystemessentiallyrequiresa global rigid rotationandtranslationfol-

lowed by a piecewise linear scalingalongeachaxis. This accountsfor global and large

structuresof thebrainaswell asstructurescloseto theanteriorandposteriorcommissures.

However, for structuresdistantfrom thesecommissuresthe mismatchcanbe significant

(greaterthanseveral centimeters)[18, 19, 20, 21]. Many of the major sulci andgyri are

not alignedwith sufficient precisionto performmeaningfulstructuralor functionalcom-

parisons.Thislimitation hasstimulatedthedevelopmentof avarietyof warpingtechniques

whicharediscussedin thenext sections.

2.2 Intensity BasedAlgorithms

Intensitybasedtechniquesgenerallyconsistof two basiccomponents:an index of sim-

ilarity anda setof constraintswhich areusedto help guide the generationof the warp.

The similarity index is derived from the intensitiesof the two volumetric images,andis

typically someform of a squareddifferenceor correlationstatistic. The constraintsare
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generallyaimedat obtaininga one-to-oneand continuoustransformation.This type of

transformationis known asa homeomorphismandis achieved eitherexplicitly by direct

evaluationof thewarpfield or implicitly througha smoothingof thewarpfield itself. This

ensuresthatanatomicstructuresmaintaintheir samerelativepositionsbeforeandafterthe

transformation.

Most algorithmsare iterative in natureletting the warp evolve in a seriesof smaller

steps. In addition,someutilize a multi-resolutionapproachwhich seeksto simplify the

problemby initializing thealgorithmatcoarseresolutionsandthensuccessively increasing

thecomplexity of thewarp. Thesetechniquescanpotentiallyrequirea very largenumber

of parameters(greaterthan1 � 106) to effect thewarpnecessitatingnovel approachesfor

parameterestimation.Most alsobegin with a translationandlinear transformationto ini-

tialize thelargenumberof parameters.This initial operationis generallyreferredto in the

literatureasanaffine transformation.

Someof themoreprominentintensitybasedalgorithmsarethoseof Collins andEvans

who usea smoothedpiecewiselinearapproachknown by themoniker ANIMAL [22] and

AshburnerandFristonwho make useof linearcombinationsof smoothbasiswarps[23].

Also of particularnoteis thesurfacebasedwarpingof FischlandDale[24, 25].

TheANIMAL algorithmof Collins andEvanshasall thebasiccomponentsdiscussed

above wherethe similarity measureis a normalizedcorrelationstatisticof the intensities

within a local neighborhood,theconstraintis effectedby smoothingthedeformationvec-

torsat eachiteration,anda multi-resolutionschemeis used.Startingat thecoarsestlevel,

thevolumesaredividedinto cubicalsections,andtheoptimal linearfit with respectto the

correlationstatisticis obtainedfor eachsection.Theprocessis repeatedat thenext higher

resolutions,ultimatelybuilding upanonlineardeformationfield in apiecewiselinearfash-

ion. Homeomorphicwarpsarenot guaranteed,however, asthesmoothingconstraintdoes

notexplicitly restrictnon-invertibletransformations.

AshburnerandFristontake a differentapproachincorporatinga setof smoothwarps
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composedof low frequency 3-dimensionaldiscretecosinetransformbasisfunctions.These

’basiswarps’ arethencombinedlinearly to constructa full warp field which maximizes

thea posteriorprobability of beinga correctwarp. This MAP schemeincorporatesboth

the voxel intensitiesaswell asprior probabilitiesof the warp parameters.Thesepriors

arenot baseduponempiricalevaluationof a large setof subjectsbut uponthe so-called

membraneenergy of thewarpfield [26]. Theuseof low frequency ’basiswarps’precludes

high resolutionmatchingof thevoxel intensities.However, thehighestfrequency canbe

adjustedto suit thespecificapplication.

While not strictly anapproachto volumetricwarping,thesurfacematchingalgorithm

of FischlandDaleis noteworthydueto its similarity in structureto thealgorithmcurrently

beinginvestigated.Oncethe surfaceof the cerebralhemisphereshasbeenidentifiedand

mappedinto a sphericalcoordinatesystem,the warp is constructedby minimization of

an objective function. This objective function is composedof a curvaturematchingterm

to effect the registration,anarealterm to prevent folding, anda metricdistortionterm to

encouragethepreservationof surfacedistances.Weightedappropriately, minimizationof

thesetermsconstructsa transformationof the cerebralcortex baseduponthe sulcaland

gyral patterns.

2.3 Model BasedAlgorithms

Model basedalgorithmsrely uponidentificationof specificfeaturesor landmarksassoci-

atedwith thebrainstructure.Of course,thesefeaturesmustbeobservableunderthepar-

ticular imagingmodalityin useandbepresentin all thebrainsunderconsideration.These

homologousfeaturesgenerallyconsistof discretepoints,curvesandcontours,and/orsur-

faces,andareusuallyidentifiedby manualinspectionof theimagevolume.Manuallabel-

ing canbesubjectiveandis generallytime consumingwhich in somesituationsdecreases
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the attractivenessof theseapproaches.Additionally, thereis a paucityof readily identi-

fiable discretepoints in the brain from which to anchorthe warp [12]. Curved features

arealsosomewhatdifficult to identify especiallyin anautomaticfashion.Surfaces,on the

otherhand,havebeenshown to bemorereadilyextracted[25].

Oncetheselandmarkshave beendetermined,the goal is to find the transformation

which superposesthe landmarksin the sourceimagewith the homologouslandmarksin

thereferenceimage.For point landmarksthetransformationis straight-forwardwhereho-

mologouspointsareknown becausethey have beenidentifiedandthe remainingvolume

is simply forcedto be smooththroughsomeinterpolationscheme.More complex inter-

polation is usedfor curvesandsurfacessuchaswith the fluid modelof Thompsonand

Toga[27].

Otheralgorithmssuchasthat of GérardSubsolmake useof curvesobtainedby fol-

lowing sulcalandgyral contours[28]. After aninitial intensitybasedaffine transformation

thesecontoursarematchedwith a nearestneighboralgorithm. The transformationof the

remainingvolumeis thendeterminedby usingasplinebasedtechnique.

Another approachusedby Downs et al. first obtainsthe 3-dimensionalconvex hull

determinedby thebrainsurface[15]. This is matchedto a templateconvex hull by propor-

tionatelyscalingthe volumeradially from the coordinatesystemorigin locatedcentrally

within thebrain.



Chapter 3

Warping Ar chitecture

3.1 Mathematical Preliminaries

This sectionlays out the mathematicalunderpinningsfor the currentwarpingalgorithm.

The notationalconventionsare describedSubsection3.1.1, and the fundamentaltrans-

formationmathematicsuponwhich thesetechniquesarebasedaredescribedin Subsec-

tion 3.1.2. Additionally, a transformationconstructknown astheJacobianis fully devel-

opedmathematicallyincludingageometricaldescriptionin Subsection3.1.3.

3.1.1 Notation

Thecanonicaldimensionsin the3-dimensionalspaceR3 aredenotedby thenumbers1, 2,

and3 andwhenassociatedwith asymbolarewrittenasasubscript.Vectorsarerepresented

by lowercasebold facesymbols.Discretesetsof vectorsarerepresentedby theuppercase

versionof thesamebold facesymbol,andindividual componentsof thesetareindicated

by aparenthesizedsuperscript.An exampleof this notationfollows:

x1 : acontinuousvariablein the1-axis,

x : acontinousvector,

13
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D : adiscretesetof vectors,

d � i � : the ith vectorof thediscretsetD 	
d � i �

2
: the2-axiscomponentof d � i ��


Theremainingnotationalconventionsshouldbeevidentfrom thesurroundingdiscussion.

3.1.2 Warpsand Transformations

A volumetricwarpis describedmathematicallyasa transformation(or mapping)between

two coordinatespacesin R3, andwe denotesucha mappingasF : R3 � R3 whereF is a

vector-valuedfunctionof a vector. If we let the 3-D vectorx representcoordinatesin R3�
x1 	 x2 	 x3 � wecanformalizethetransformationF asfollows:

F
�
x ���� u1

�
x ��	 u2

�
x ��	 u3

�
x ���

whereu1, u2, and u3 are called the componentfunctionsof the transformationF. The

resulting3-D coordinate
�
u1 	 u2 	 u3 � will bereferredto asthevectoru for theremainderof

this thesis.

Mappingsthatareusedaswarpsbetweenhomologousbiologicalstructures(thebrain

in thecurrentcase)shouldbebothcontinuousandhomeomorphic.Themathematicalex-

pressionof thesetwo propertiesaredevelopedin thefollowing paragraphs.

For a real-valuedfunctionof a realvariable f : R � R, continuityis definedasfollows.

At a point x0, if givenanε � 0 thereexistsa δ � 0 suchthat if � x � x0 ��� δ then � f � x���
f
�
x0 ����� ε. This conceptis extendedin a straightforwardmannerto 3-D mappings.Let x

andy becoordinatesin R3. A mapF : R3 � R3 is continuousatapointx if givenanε � 0

thereexistsa δ � 0 suchthatif � x � y � 2 � δ then � F � y ��� F
�
x ��� 2 � ε (thenotation ����� 2

representsthe2-norm)[29]. Thisconceptis illustratedfurtherin Figure3.1.

For an arbitrarysetA containedin R3, the mappingF : A  R3 � R3 is said to be a

homeomorphismontoF
�
A� if F is one-to-oneandif theinverseF ! 1 : F

�
A�" R3 � R3
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δ

x#
δ−
$

sphere

ε

F(
%

x)

ε−& sphere

F : R     R
'

Figure3.1: Continuityof a 3-D mapping:If thepoint F
�
y � existsinsidetheε-sphere, then

thepointy mustexist insidetheδ -sphere for arbitrarily smallε.

is continuous[29]. Intuitively in 2-D a homeomorphismappliesa transformationwithout

tearingor folding of the spacein R2. A key propertyof a mappingthat is relied upon

heavily in thewarpingalgorithmis that theJacobianmatrix of a homeomorphicmapping

is positivesemi-definiteeverywherethatthemappingis defined(thisconceptis morefully

describedin Subsection3.1.3).

As with theconceptof continuity, differentiationof a transformationis easilyobtained

by expandingthe usualnotion of differentiationof a function of a singlevariableto 3-D

mappingfunctions. The partial derivative of the mappingF with respectto, say, x1 is a

vectorof thepartialderivativesof eachof thecomponentfunctionsof F:

∂F
∂x1

�)( ∂u1

∂x1
	 ∂u2

∂x1
	 ∂u3

∂x1 * � ∂u
∂x1



Now, whenthepartialderivative of themappingF with respectto thevectorx is desired,

weconstructamatrixof thepartialderivativesof thecomponentfunctionsasfollows:

∂F
∂x

� +,,,- ∂u1
∂x1

∂u1
∂x2

∂u1
∂x3

∂u2
∂x1

∂u2
∂x2

∂u2
∂x3

∂u3
∂x1

∂u3
∂x2

∂u3
∂x3

.0///1 � +,,,- � � �
∂u
∂x1

∂u
∂x2

∂u
∂x3� � �

.0///1 

This matrix is known asthe Jacobianof the transformation,and the determinantof this

matrixwill play animportantrole in thedevelopmentof thewarpingalgorithm.As shown
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in Equation(3.1),thedeterminantis computedby usingthetriple-productwhere � denotes

thevectorouter-product, � representsthevectorinner-product,andJ denotestheJacobian

determinant.

J � � ∂u1
∂x1
	 ∂u2

∂x1
	 ∂u3

∂x1
� � � ∂u1

∂x2
	 ∂u2

∂x2
	 ∂u3

∂x2
� �2� ∂u1

∂x3
	 ∂u2

∂x3
	 ∂u3

∂x3
�� ∂u

∂x1
� ∂u

∂x2
� ∂u

∂x3

(3.1)

Furtherdiscussionof thegeometricalinterpretationof theJacobianis containedin Sub-

section3.1.3.

3.1.3 JacobianGeometry

TheJacobianmatrixassociatedwith thetransformationfunctionplaysanimportantrole in

theregularizationof thewarpfield estimateanddeservesfurtherdiscussion.A geometric

interpretationanddetailsof themathematicalimplementationarepresentedin thenext few

paragraphs.

Thedeterminantof theJacobianmatrix (referredto assimply theJacobiananddenoted

asJ) computedat a specificcoordinateindicatesthe amountof contractionor expansion

that the transformationinducesin theneighborhoodof thatcoordinate.Thepropertiesof

theJacobianaresummarizedbelow:

J

34444444445 4444444446
� 1 7 local expansion, Property(1)� 1 7 volumetricpreservation, Property(2)� 1 7 local contraction, Property(3)� 0 7 contractionof thelocal volumeto apoint, Property(4)� 0 7 volumetricinversion. Property(5)

To understandwhy the Jacobianhasthesepropertiesconsiderthe differentialvolume

elementsasshown in Figure3.2. Part (a) of this figure shows a cubicalelementwhich

is transformedby a mappingF : R3 � R3 into theelementshown in Part (b) of thesame
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F : R3 −> R3

x + ∆i 

x 

x + ∆j 

x + ∆k 

u
j
 

u 

u
i
 

u
k
 

(a) (b) 

Figure3.2: Differential volumeelement:(a) original, and(b) after transformationunder
thehypotheticalmappingF : R3 � R3.

figure. Given the dimensionsof this differentialelementin Figure3.2(a)(∆î 	 ∆ĵ 	 ∆k̂) we

canexpressthevolumeasV � ∆3. Thetransformationof this elementunderthemapping

F is found by computingthe imageof the four coordinatesx, x 8 ∆î, x 8 ∆ĵ , x 8 ∆k̂ as

shown below:

F
�
x �9� � u1

�
x ��	 u2

�
x ��	 u3

�
x ��� � u 	

F
�
x 8 ∆î �2� � u1

�
x 8 ∆î ��	 u2

�
x 8 ∆î ��	 u3

�
x 8 ∆î ��� � ui 	

F
�
x 8 ∆ĵ �2� � u1

�
x 8 ∆ĵ ��	 u2

�
x 8 ∆ĵ ��	 u3

�
x 8 ∆ĵ � � � u j 	

F
�
x 8 ∆k̂ �2� � u1

�
x 8 ∆k̂ ��	 u2

�
x 8 ∆k̂ ��	 u3

�
x 8 ∆k̂ � � � uk



After transformationwenow haveaparallelopipedshapeddifferentialelementasdepicted

in Figure3.2(b). To computethevolumeof this parallelopiped(V : ) we canusethetriple-

productformulaasshown below [30]:

V : � �
ui � u �;� � u j � u ��� � uk � u � 


If we now take the ratio of the transformedvolumeV : andthe original volumeV as
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is shown in Equation(3.2), we will have a quantitywith theexactsamepropertiesasthe

Jacobian.
V :
V
� �

ui � u �;� � u j � u ��� � uk � u �
∆3


 (3.2)

Specifically, thesepropertiesare(correspondingto thoseon page16): (1) if the transfor-

mationinducesanexpansionof thedifferentialelementthentheratio is larger thanunity,

(2) if the volumeremainsthe sameafter transformationthen the ratio is equal to unity,

(3) if the transformationcausesa contractionof the differentialelementthenthe ratio is

lessthan unity, (4) if the transformationproducesa singularpoint thenthe ratio is equal

to zero, and(5) if the transformeddifferentialelementhasa negative volume(volumetric

inversion)thentheratio is lessthanzero.

To furtherexplore therelationshipbetweenthis ratio andtheJacobianwe canrewrite

Equation(3.2)asfollows:

V :
V
� �

ui � u �
∆

� � u j � u �
∆

� � uk � u �
∆


 (3.3)

For themoment,lookingonly at thefirst termof thevectorouter-productin Equation(3.3)

andrecallingthefirst two equationsof Equation(3.1.3)wecanexpandthis termassuch�
ui � u �

∆
�=< u1

�
x 8 ∆î �>� u1

�
x �

∆
	 u2

�
x 8 ∆î �>� u2

�
x �

∆
	 u3

�
x 8 ∆î ��� u3

�
x �

∆ ? (3.4)

whichwerecognizeasthediscretedifferentialof u atthecoordinatex alongthe1-axis(î di-

rection). Takingthe limit of this quantityas∆ tendsto 0 we obtainthepartialdifferential

asshown:

lim∆ @ 0
� ui ! u �

∆ � � ∂u1
∂x1
	 ∂u2

∂x1
	 ∂u3

∂x1
� � ∂u

∂x1


 (3.5)

Now returningto theothertwo termson theright handsideof Equation(3.3)andproceed-

ing in asimilar fashionwehave:

lim∆ @ 0
� u j ! u �

∆ � � ∂u1
∂x2
	 ∂u2

∂x2
	 ∂u3

∂x2
� � ∂u

∂x2
	

lim∆ @ 0
� uk ! u �

∆ � � ∂u1
∂x3
	 ∂u2

∂x3
	 ∂u3

∂x3
� � ∂u

∂x3


 (3.6)
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Equations(3.5) and(3.6) allow us to find the limit of Equation(3.3) as∆ tendsto 0 as

shown here

lim∆ @ 0
V A
V � ∂u

∂x1
� ∂u

∂x2
� ∂u

∂x3

which is identicalto theJacobianascomputedin thesecondequationof Equations(3.1).

This shows that in the limit as∆ tendsto 0 theratio of thedifferentialvolumebeforeand

aftertransformationis equivalentto theJacobianmatrixdeterminant.

Thisgeometricinterpretationprovidesinsightinto thedesirablepropertiesof thisquan-

tity. Of particularinterestis Property(5) shown on page16. A Jacobianthat is lessthan

zeromeansthatat this particularpoint thevolumehasbeeninvertedby thetransformation

suchthatthevectors∂u
∂x1

, ∂u
∂x2

, and ∂u
∂x3

arenolongerarrangedin right-handorder, andthein-

versemappingis not continuous.Thisprovidesthemotivationfor thehomeomorphicterm

of thecostfunctionusedin thewarpoptimizationaswill beshown in Subsection3.4.3.By

keepingtheJacobiandeterminantpositivewemaintaina homeomorphicmapping.

The Jacobianprovidesa goodmeasureof the local volumetricdistortion inducedby

the transformation.However, transformationscanbe constructedthat maintainthe local

volumesuchthat theJacobianis unity but alsoinduceseverechangesin shape.Imagine

a differentialparallelopipedwhosevolumeis equalto ∆3 but whoseshapeis radicallydif-

ferentthat thatof Figure3.2(a). In this case,theJacobianis greaterthanzero(in fact it is

unity) andsohasnotviolatedany homeomorphicconstraints,but theangularchangeexhib-

itedcanbejustasnon-biologicalasnon-homeomorphisms.This is theprimarymotivation

for anadditionaltermof theobjective functionaswill bediscussedin Subsection3.4.3.

3.2 Algorithm Overview

The overriding goalswhich guidedthe developmentof the currentwarpingalgorithmis

thatit provideanautomatic,precise,robust,andobjectivemethodfor establishingaviable

correspondencebetweenvolumetricbrain imagesets. Algorithms which requiremanual
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interventionprecludeefficient processingof large numbersof imagesetsandalso intro-

duceissuesof repeatabilityandobjectivity. Dif ferentexpertsor even the sameexpert at

differenttimescanlabelanindividual volumeinconsistentlyleadingto non-repeatablere-

sults.A properlydesignedautomaticalgorithm,on theotherhand,is appliedconsistently

and objectively acrossthe datasetspresentedto it. The following paragraphand figure

presentanoverview of suchanalgorithm.

As shown in thediagrammaticoverview of Figure3.3, thewarpingalgorithmconsists

of multiple steps.First, thealgorithmis initialized with anaffine registrationbetweenthe

source(S) andreference(R) imagevolumes.Theresultof this stepis a vectorfield which

representsadiscretesamplingof the3-D mappingfunctionthatachievestheoptimalaffine

registration(Section3.3). This vectorfield is thenusedto initialize thenonlinearportion

of thealgorithmwhich beginsby subsamplingSandR into what is known asa Gaussian

pyramid(Section3.4.1).Theprocessthenproceedsby iteratively applyingtheregistration

andevaluatingthe objective function which is minimizedby utilizing the gradientinfor-

mationin a steepestdescentfashion(Sections3.4.3and3.4.4). This stepconstitutesthe

innernonlinearoptimizationloop. Oncetheobjective functionasymptotes,theouterloop

is executedwhich increasestheresolutionof thesourceandreferencevolumesby stepping

up onelevel of theGaussianpyramid. The registrationvectorfield is alsointerpolatedto

matchthe resolutionof the imagevolumesat this point, andthe inner optimizationloop

is thenagainexecuted.Thealgorithmcontinuesin this fashionuntil thefinal resolutionis

reached.

This algorithmis similar to thesurfacebasedwork of FischlandDale [24, 25] in that

an objective function with threetermsis utilized to matchintensity, prevent folding, and

preservevolume.No geometricfeaturesareusedexplicitly, andhence,this algorithmfalls

within theintensitybasedcategory.
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• Initializes Nonlinear Registration (Sec. 3.3)
Affine

Registration

Apply
Warp Field

Evaluate Objective
Function (Sec. 3.4.3)

Update
Warp Field

Increase
Resolution

Source and Reference
�

Image Volumes

Final Warp
Field

final
resolution

?


asymptotic?B

Nonlinear Optimization Loop (Sec. 3.4.2)

Gaussian Pyramid Loop (Sec. 3.4.1)
C

no

yesD
no

yesE

• Uses Gradient
  Information (Sec. 3.4.4)

Figure3.3: Diagrammaticoverview of thealgorithmflow.
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3.3 Affine Registration

As is standardpracticewith mostof the intensitybasedwarpingtechniquesreviewed in

the previous chapter, the algorithm is initialized with an optimal affine transformation.

The objective of this initial stepis to bring the sourceand referenceimagevolumes(S

andR respectively) into an approximateglobal alignmentbeforeapplying the nonlinear

portionof thealgorithmwhichoperatesbothgloballyandlocally. Theaffinetransformation

consistsof rotation-,scale-,shear-, andtranslation-typetransformationsappliedglobally

to the sourcevolume resultingin a coarsealignmentbetweenthe sourceand reference

images. This providesa suitablestartingpoint for the nonlinearalignmentschemethat

followssubsequently.

To further elaborateon the 3-D affine transformation,it is parameterizedby a 4 � 4

homogeneoustransformationmatrix M which maps3-D homogeneouscoordinatesx in

thesourceimageto coordinatesu in thereferenceimageasshown in thefollowing equa-

tion [31]: +,,,,,,-
u1

u2

u3

1

. //////1 � +,,,,,,-
m1 m4 m7 m10

m2 m5 m8 m11

m3 m6 m9 m12

0 0 0 1

. //////1 +,,,,,,-
x1

x2

x3

1

. //////1
More compactly, this is writtenasu � Mx, andweseethis to beconsistentwith themath-

ematicalformalismpresentedin Subsection3.1.2by expressingthecomponentfunctions

of thetransformationexplicitly:

u1

�
x1 	 x2 	 x3 �2� m1x1 8 m4x2 8 m7x3 8 m10 	

u2

�
x1 	 x2 	 x3 �2� m2x1 8 m5x2 8 m8x3 8 m11 	

u3

�
x1 	 x2 	 x3 �2� m3x1 8 m6x2 8 m9x3 8 m12



whereu1, u2, andu3 arethecomponentfunctionsof this transformation.(The last equa-

tion of this systemis simply the tautology:1 � 0x1 8 0x2 8 0x3 8 1.) Takentogether, the
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parametersm1 throughm9 of thetransformationmatrixM, areresponsiblefor therotation,

scale,andshearcomponentsof theaffine transformation.Theremainingparametersm10,

m11, andm12 applytranslationalongthe1-, 2-, and3-axesrespectively.

Thesetwelve affine parameters(m1 to m12) areestimatedby minimizing the sumof

squarederrorsbetweenthe intensitiesof the referenceandthe transformedsourceimage

volumesandacrossall voxels(V). ThisformstheobjectivefunctionC
�
M � [Equation(3.7)]

which is usedin conjunctionwith aquasi-newtonoptimizationroutine.

C
�
M �F� 1

V

V

∑
i G 1 H S� u � i � ��� R

�
x � i � �JI 2

(3.7)

Of course,the gradientof the objective function is requiredwhenusing this type of

optimizationscheme.Thegradienttakenwith respectto theparametersm1 throughm12 is

derivedasfollows:

∇C
�
M �F� 1

V

V

∑
i G 1

2 H S� u � i � �>� R
�
x � i � � I ∇S

�
u � i � �

whereu � i � � Mx � i � . Thefull gradient∇S
�
u � i � � is constructedby takingthepartialderivative

of S
�
u � i � � with respectto eachparameterusingthechainrule asfollows:

∂S
�
u � i � �

∂mj
� ∂S

�
u � i � �

∂u1

∂u1

∂mj
8 ∂S

�
u � i � �

∂u2

∂u2

∂mj
8 ∂S

�
u � i � �

∂u3

∂u3

∂mj
	 (3.8)

wheremj representsthe jth affineparameter. Thepartialderivative � ∂S� u K i L �∂u1
	 ∂S� u K i L �∂u2

	 ∂S� u K i L �∂u3
�

is simplytheintensitygradientof thevolumeSat thepointu � i � computedusingafinite dif-

ferencetechnique.Whenimplemented,Equation(3.8)is actuallysimplifiedsomewhatdue

to thefactthatfor any singlemj only oneof thetermsis evernon-zero[12].

This gradientis thenemployed aspart of the quasi-newton optimizationto obtainan

estimateof M which fully specifiestheaffine transformation.
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3.4 Nonlinear Warp Optimization

The warp field to be determinedis a discretesamplingof the transformationfunction F

that mapscoordinatesin R3 (the x � i � s) to transformedcoordinateswhich areagainin R3

(theu � i � s). Formally, this typeof transformationis expressedasF : R3 � R3 asdiscussed

in Subsection3.1.2. For eachsamplingpoint in the 3-D samplinggrid the component

functionsof this transformationarewrittenasfollows:

u1

�
x1 	 x2 	 x3 �9� x1 8 d1 	

u2

�
x1 	 x2 	 x3 �9� x2 8 d2 	

u3

�
x1 	 x2 	 x3 �9� x3 8 d3 	

where,for simplicity, we have droppedthe superscript
�
i � on eachsymbol. Of course,

d1, d2, andd3 for eachsamplingpoint arethequantitiesto beestimatedandrepresentthe

displacementvectord for aparticularlocation.Morepreciselywedenotethedisplacement

vectorat the ith locationasd � i � andthe full setof d � i � s is denotedasD. Exactly how the

estimationof D is performedis describednext.

3.4.1 Multir esolutionComponents

After theaffine componentof thetransformationhasbeenestimated,a multiresolutionap-

proachis usedto obtaintheglobalandlocalnonlineardeformationsnecessaryto achievea

matchbetweenthereferenceandsourceMR volumes.Thismultiresolutionschemeknown

asa Gaussianpyramid utilizes subsampledversionsof the volumetric imageset. A no-

tional depictionof this schemeis shown in Figure3.4. Thepyramid is built by usingthe

full-resolution (256� 256� 256) volume as the foundation,and eachsubsequentlevel is

constructedby appropriatelysubsamplingthe previous level. In the currentalgorithm,a

Gaussiangeneratingkernelasspecifiedin [32] is usedto low-passfilter thevolumebefore

directly subsamplingby a factor of two in eachdimensionusing trilinear interpolation.
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Figure3.4: Notionaldepictionof a Gaussianpyramid.

The pyramid is completedoncethe lowest resolutionlevel (currentlyset to 32 � 32 � 32)

is constructedwhich representsthe top of the pyramid. Exampleslicesfrom a Gaussian

pyramidconstructedin this way areshown in Figure3.5. Thenonlinearoptimizationpro-

cedurebeginsat the top of thepyramidandthenprogressesdownwardthroughthe levels

of increasingresolutionasis outlinedin thenext subsection.

3.4.2 Optimization Structure

An iterative optimizationprocedureis utilized which is baseduponanobjective function

constructedto achieve two major goals: first, the objective function shouldencouragea

matchbetweenthe MR intensitiesof the two volumesbeingconsidered,andsecond,it

shouldpreventany biologicallyunreasonabletransformationsfrom occurring.

Beginningwith the lowestresolutionvolumesat the top of theGaussianpyramid, the

optimizationroutineiteratively refinesthewarpfield estimateby computingthegradientof

theobjective functionandapplyingtheresultto thecurrentestimatein a steepestdescent
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Figure3.5: A mid-sagittal sliceof a brain volumerepresentedat each level of a Gaussian
pyramid.

fashion. The objective function itself is alsoevaluatedat eachiterationto determinethe

progressof the procedure.If certainterminationcriteria aremet, the optimizationat the

current level of the pyramid stops. The most recentestimateof the warp field is then

interpolatedby afactorof two sothattheoptimizationcanthenbegin atthenext lowerlevel

(but higherresolution)of theGaussianpyramid. Again,a trilinear interpolationtechnique

is usedto upsamplethewarpfield.

Thealgorithmproceedsin thiswayuntil thebaselevel (highestresolution)of theGaus-

sianpyramid is reached.At this resolution(256� 256� 256) the warp field is not inter-

polateddueto computermemoryconstraints.Hence,eachvectorof the warp field now

representsthetransformationof ablockof eightvoxels.Otherthanthisdifferencetheopti-

mizationcontinuesasbeforeuntil theterminationcriteriaareagainsatisfied.Theresulting

warp field representsa discretesamplingof the transformationfunction that registersthe

sourcevolumewith thereferencevolume.
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3.4.3 ObjectiveFunction

At the heartof the optimizationprocedurelies the objective function. As notedbefore,

theobjective functionservesadualpurpose:to encourageamatchbetweenintensitiesand

to regularizeor constrainthewarpsuchthat it makessensebiologically. Thefirst goal is

achieved througha similarity measure,andthesecondgoal is accomplishedby thecom-

binationof a metricdistortiontermanda termdesignedto severelypenalizeinversionsof

the volume. The generalform of the full objective functionC
�
D � is expressedin Equa-

tion (3.9).

C
�
D �F� λ1C1

�
D �M8 λ2C2

�
D �M8 λ3C3

�
D � (3.9)

The first termC1

�
D � is known asthesimilarity measureandcomputesthe meansquared

errorbetweenthevoxel intensitiesof thereferencevolume(R) andthewarpedsourcevol-

ume(S). The next two termscomposethe regularizationcomponentwhereC2

�
D � is the

homeomorphicpreservation term,andC3

�
D � is themetricdistortionterm. Thefirst term

of theregularizationcomponentC2

�
D � maintainsa homeomorphismby computingtheJa-

cobiandeterminantat all points in the warp field andapplyinga large cost to thosethat

tendnegatively. Thenext termC3

�
D � controlsmetricdistortionsby minimizing themean

squaredchangein the relative displacementsamongsamplingpointswithin someneigh-

borhood.Eachtermis associatedwith a correspondingcoefficient λ1 ! 3 which determines

its strengthrelative to theotherterms.Thesetof vectorsD representsthewarpfield which

is to beestimated.

Thesimilarity measureis moreformally statedas

C1

�
D �� 1

V

V

∑
i G 1

� R� x � i � �>� S
�
x � i � 8 d � i � ��� 2

Ω2
�
x � i � � 	 (3.10)

whereR is thecontinuous3-dimensionalintensityfunctionrepresentingthereferencevol-

ume,S is thecontinuous3-dimensionalintensityfunctionrepresentingthesourcevolume,
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and Ω2 is an estimateof the intensity variancefrom brain to brain as a function of 3-

dimensionalspace.(The functionsR, S, andΩ2 aremorefully describedin Section4.1.)

Thevectorx � i � is the ith samplingpositionon a regularly spaced3-D samplinglattice,and

d � i � is thedisplacementvectorassociatedwith thissamplingposition.Thesetof all d � i � s is

known collectively asthewarpfield anddenotedsimplyasD, andV is thetotalnumberof

discretepointsat which thesevolumesaresampled.

This measurecomputesthe squareddifferencebetweenvoxel intensitiesin the refer-

enceandthecorrespondingvoxel intensitiesof thewarpedsource.This providesanindex

of similarity, but not all intensitydifferencesshouldbe treatedequally. Someregionsof

thebrainareexpectedto exhibit ahigherlevel of variability from brainto brain,andthis is

accountedfor throughnormalizationby anestimateof thevarianceΩ2 � x � i � � at eachpoint

in thebrainvolume.Typicalexamplesof RandSaregivenin Section4.1aswell asamore

completedescriptionof how Ω2 is constructedandused.

Implicit in this formulationof the similarity term is the assumptionof pre-calibrated

intensitylevelswherethelevelscorrespondingto certaintissueclassesareconsistentfrom

reference(R) to source(S). This form, however, doesnotnecessarilyprecludeuncalibrated

intensities. If the calibrationerror betweenthe sourceand referenceis known to be at

leastlinearthena simplescalingfactorcanbeincludedwith eitherthesourceor reference

functionsandestimatedin conjunctionwith thewarpparameters.For simplicity andsince

pre-calibratedimagesetsare readily available this modificationwasnot included. Sec-

tion 4.1 containsfurther detailson the calibrationtechniqueappliedto all brain volumes

for this work.

Minimization of this termalonewill producea warpfield which achievesa matchbe-

tweenthe sourceandreferencevolumes.However, constraintsplaceduponthe warp are

necessarywith regardsto maintaininga homeomorphicmappingandminimizing metric

distortions. As discussedpreviously, a homeomorphismis biologically necessaryfor es-

tablishinga valid correspondencebetweenhomologousstructures.To prevent inversions



CHAPTER3. WARPING ARCHITECTURE 29

−0.1 0 0.1 0.2
0

1

2

3

4

J

f(
J)

 =
 lo

g
( 

1
 +

 e
xp

( 
−γ

 J
 )

 )

1 
4 
16
64

γ

Figure3.6: Logarithmicbasedfunctionof theJacobian(J) with parameterγ.

andpreserve thehomeomorphicpropertyof themapping,two additionaltermsareintro-

ducedto theobjective function.

The secondterm of the objective functionC2

�
D � employs the Jacobianmatrix of the

warp field to ensurethat a homeomorphismis producedby the optimizationprocedure.

TheJacobianmatrixof ahomeomorphicwarpfield is positivesemi-definiteateverypoint.

To encouragepreservation of this property, C2

�
D � is composedof the Jacobiandetermi-

nantpassedthrougha nonlinearlogarithmicbasedfunctionasshown in Figure3.6. This

function exactsa heavy cost for Jacobiandeterminantswhich tendnegative, andhence,

encouragestheoptimizationto producehomeomorphicwarpfields.This termis expressed

mathematicallyasfollows:

C2

�
D �F� 1

V

V

∑
i G 1

log H 1 8 e! γJ K i L IN	 (3.11)

wherethe determinantof the Jacobianmatrix at the ith lattice point of the warp field is

denotedasJ � i � , andasbefore,V indicatesthetotal numberof latticepointsoverwhich the

warpfield is beingestimated.Theparameterγ controlstheseverity of thepenaltyapplied

to negativeJacobiandeterminantsasis alsoshown in Figure3.6.
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The Jacobianprovidesa goodmeasureof the local volumetricdistortion inducedby

the transformation.However, transformationscanbe constructedthat maintainthe local

volumetricstructureandthat alsoinduceseverechangesin angularshape.(SeeSubsec-

tion 3.1.3for ageometricinterpretationof theJacobianwhichfurtherillustratesthis issue.)

Severeangularshapechangesdo not makesensefrom a biologic perspective,andthusthe

metricdistortiontermwhichaccountsfor bothvolumeandangleis necessary.

Thethird termof theobjective functionC3

�
D � is designedto minimizevolumetricand

angulardistortionby calculatingtheamountof relative displacementinducedby thewarp

within someneighborhoodandaveragedover the entirewarp. This calculationis stated

explicitly in Equation(3.12).

C3

�
D �F� 1

V

V

∑
i G 1 O ∑

n P N � i � � l � in � � l � in �
0
� 2 Q

(3.12)

Wherel � in � representsthemagnitudeof thedifferencein displacementbetweentheith sam-

pling positionandthenth samplingpositionasfollows:

l � in � �R� u � i � � u � n� � 2 	
andthesubscript0 in l � in �

0
indicatestheinitial relativedisplacementof thesesamepointsas

follows:

l � in �
0

�S� x � i � � x � n� � 2 

This term is similar to that introducedby Fischl et al. for minimizing metric distortions

associatedwith a surface-basedwarp[25].

3.4.4 Gradients

Of course,theminimizationof theobjectivefunctionin asteepestdescentfashionrequires

calculationof theobjective functiongradientwith respectto thesetof displacementvec-

torsD. This subsectionderivesthegradientfor eachcomponentof theobjective function

shown earlierin Equation(3.9).
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Takingthepartialderivativeof theintensitytermC1

�
D � [Equation(3.10)]with respect

to thekth displacementvectord � k� andusingu � k � � x � k� 8 d � k � resultsin

∂C1

�
D �

∂d � k� �T� 2
V
< R
�
x � k� ��� S

�
u � k� �

Ω2
�
x � k� � ? � ∂S

�
u � k� �

∂d � k� 
 (3.13)

Thepartialderivative ∂S� u K k L �
∂d K k L in theaboveequationreducesto ∂S� u K k L �

∂u K k L by notingthefollow-

ing:
∂S
�
u � k� �

∂d � k� � ∂S
�
u � k� �

∂u � k � � ∂u � k�
∂d � k� 	 ∂u � k �

∂d � k � � 1 

Thisallowscomputationof thegradientbasedonly onthewarpedintensityfunctionS

�
u � k� � .

Thegradientat thekth samplingpositionof thehomeomorphictermC2

�
D � is computedas

∂C2

�
D �

∂d � k� �T� 1
V
� γ ∂J K k L

∂d K k L
1 8 exp

�
γJ � k� � 
 (3.14)

Furtherdiscussionof how ∂J K k L
∂d K k L is calculatedcanbefoundin Section3.5. Thegradientof

thethird termC3

�
D � is

∂C3

�
D �

∂d � k� � 1
V ∑

n P N � k � O 2 � l � kn� � l � kn�
0

� � ∂ l � kn�
∂d � k � Q 	 (3.15)

where∂ l K knL
∂d K k L is aunit vectorpointingfrom thekth samplepoint to thenth samplepoint,and

N
�
k � is aneighborhoodof thesix nearestpointsaboutthekth samplingposition.

The linearcombinationof thesegradients[Equations(3.13),(3.14),and(3.15)] using

λ1, λ2, andλ3 asthe respective weightingcoefficientsprovidesthe gradientusedin the

steepestdescentoptimizationasshown in thefollowing equation:

∂C
�
D �

∂d � k� � λ1
∂C1

�
D �

∂d � k� 8 λ2
∂C2

�
D �

∂d � k� 8 λ3
∂C3

�
D �

∂d � k� 

This representsthevalueof thegradientat thekth samplingposition,andthefull gradient

is foundby repeatingthesecalculationsat all thesamplingpoints.
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3.4.5 CoefficientSelection

To completethedescriptionof thewarpoptimizationa discussionof how thecoefficients

λ1, λ2, andλ3 areobtainedis necessary. Establishingtheappropriaterelationshipbetween

thethreetermsof theobjective function is importantfor thesuccessof thealgorithm,and

this relationshipis determinedby thesethreecoefficients. Actually, oneof thesecoeffi-

cientsis redundantbecauseit cansimply bedividedout of theobjective functionwithout

destroying the relationshipbetweenthe terms. This observationallows us to setλ1 equal

to unity, andthus,reducingtheproblemto selectionof only two coefficients.Theestima-

tion of theseremainingcoefficients is problematic,however, asno simple,efficient way

of determiningtheir optimal valuesexists. Somework hasbeendoneregardingoptimal

coefficient selectionof this type [33], but thecomputationalloadof thecurrentalgorithm

precludesits use.

In this work, thesevaluesare obtainedheuristicallyby observingthe resultsof the

algorithm. The Jacobianterm coefficient (λ2) is increasedif a homeomorphismis not

maintainedduringthegenerationof thewarpfield,andthemetricdistortioncoefficient(λ3)

is variedaccordingto aqualitativeassessmentof thedistortioninducedby thealgorithm.

The final value of the coefficients will vary, however, dependingupon the intended

applicationof the resultingwarp field. For example,it may be desirableto have a more

precisewarp at the cost of increasedmetric distortion. In this casethe coefficient for

the metric distortion term would be reduced. Other situationscertainly exist wherethe

minimizationof metricdistortionis muchmoreimportantandhencethiscoefficientwould

thenbeincreased.

3.5 Practical Considerations

In orderfor thisalgorithmto beexecutedin atimely mannerongeneralpurposeandreadily

availablecomputationalhardware,memoryusageandexecutionspeedmustbe balanced
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with the accuracy of the resultingwarp. Additionally, the algorithmasstatedfalls short

in somerespectsnecessitatinga few somewhatad hocextensionsto thealgorithm. These

practicalconsiderationsareaddressedin thefollowing paragraphs.

As notedbefore,whenthe algorithmreachesthe baselevel of the Gaussianpyramid

wheretheresolutionis thegreatest,eachvectord � i � of thewarpfield D representsa block

of eight voxels. This is doneto conserve memoryasrepresentationof the full warp field

at 256� 256� 256 resolutionwould requireapproximately200 MB of computermemory

whenusingsingleprecisionvalues.Whencombinedwith thememoryrequiredto represent

two full Gaussianpyramids(sourceandreference)which is approximately150 MB, the

limits of readily availableprocessingequipmentare stressed.This would unnecessarily

extendtheprocessingtimeof thealgorithmby requiringuseof veryslow virtual memory.

The algorithm as describedin the previous sectionscan have difficulty achieving a

smoothwarpfield, particularlyat pointscloseto a transitionin intensitylevels.To remedy

this anadditionalstepis includedin theoptimization.Beforetheobjective functiongradi-

entis usedto updatethewarpfield estimate,it is first smoothedby convolving thegradient

with a Gaussianshapedblurring kernel (similar to what is donein [25]). At eachlevel

of theGaussianpyramid thedegreeof smoothingis at first large,andastheoptimization

convergestowardsa minimumtheamountof smoothingis decreased.This hastheeffect

of encouragingasmoothwarpwhile notadverselyaffectingtheoverallmatchbetweenthe

referenceandthewarpedsourcevolumes.

Onedifficulty with steepestdescentoptimizationroutinesis selectionof thestepsize.

An acceptablevaluecanbefoundthroughtrial anderror, but occasionallydueto thesteep

slopeof the logarithmicfunctionof theJacobian(Figure3.6) a largegradientcanbepro-

ducedwhich destabilizestheoptimization. To control this, themagnitudeof thegradient

is monitored,and if it exceedsa thresholdthen the entiregradientis scaledto maintain

stability.
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Anotherissueinvolving theJacobianis thatof computingit basedon adiscretelysam-

pled warp function. Computationof this quantity could proceedas in Equations(3.3)

and(3.4), but thereis a problemwhencomputingthis in discretespace.In the limit as∆

tendsto 0, thedifferentialelementsasshown in Figure3.2 canbeaccuratelyrepresented

asparallelopipeds.In thecurrentdiscretecase,though,∆ representsthedistancebetween

samplingpoints.Heretheassumptionof parallelopipedshapedvolumeelementsdoesnot

hold. All eight verticesof the volume elementshown in Figure 3.2(a)are transformed

somewhatindependentlyandtheresultingvolumeelementis in nowayconstrainedto bea

parallelopiped.Thiscanleadto inaccuratecomputationof theJacobianallowing volumet-

ric inversionsto occurunnoticed.

To accountfor thisproblem,thetruevolumeof thetransformedelementshouldbecom-

puted,but this would becomputationallyintensive. Instead,the following approximation

is used.Eachvertex of a volumeelementis alsosharedby sevenotheradjacentelements

(exceptfor verticesat theouteredgesof the full volume). In otherwords,eachvertex is

surroundedby eight elements.To calculatetheJacobiandeterminantat this vertex point,

thevolumesof theeightsurroundingelementsareeachapproximatedasparallelopipeds,

andafter applyingthe logarithmicbasedfunction (Figure3.6), they aresimply averaged

togetherto form thesummandof Equation(3.11).

Thecomputationof ∂J K k L
∂d K k L in Equation(3.14)is carriedout in asimilar fashionusingthe

following equation(thesuperscript
�
k � hasbeendroppedfor simplicity)

∂J
∂d

� ( ∂J
∂d1

î 	 ∂J
∂d2

ĵ 	 ∂J
∂d3

k̂ *U 1
8 ∑

eV surrounding
elements

< J
eW ∆î

� Je

∆
î 	 J

eW ∆ĵ
� Je

∆
ĵ 	 J

eW ∆k̂
� Je

∆
k̂ ?

whereJe representstheJacobiandeterminantcomputedusingtheeth surroundingelement,

and J
eW ∆ � î X ĵ X k̂ � indicatesthat this Jacobianis computedwith an additionaldisplacement
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of Y ∆ in the î, ĵ , or k̂ directionsaddedto thedisplacementvectord. Theadditionaldis-

placementof 8 ∆ or � ∆ is consistentwith the location of the particularelementbeing

utilized. In otherwords, 8 ∆ is usedfor elementslocatedin the 8 î, 8 ĵ , and 8 k̂ directions

and � ∆ is usedfor elementslocatedin the � î, � ĵ , and � k̂ directions.

A final point of minor consequenceis thattheterminationof theoptimizationis based

solely uponthe similarity measureC1

�
D � [Equation(3.10)] andnot the valueof the ob-

jective function asa whole [Equation(3.9)]. Oncethe similarity measureasymptotesor

beginsto increasesignalingthatno moreimprovementis possible,theoptimizationat that

level of theGaussianpyramidconcludesandthealgorithmproceedsto thenext level. By

monitoringtheprogressof theoptimizationin thiswaytheregularizationtermsareallowed

to becomeaslargeasnecessarysoasto maintaina homeomorphismwithout significantly

affectingtheoptimization.



Chapter 4

Results

Detailsconcerningthe testingandanalysisof the resultsarepresentedin this chapterfor

thecurrentalgorithm. Section4.1 providesanoverview of thevolumetricimagedatasets

usedfor testing,andSection4.2discussestheperformance.

The overall goalsof an automatic,precise,robust, andobjective algorithmhave only

partially beenachieved. Thealgorithmis automaticin that it requiresno humaninterven-

tion onceit hasbeeninitiated,andthealgorithmis objective in that it is deterministicand

will not changeits resultover repeatedexecutionson the samedata. However, sufficient

levels of precisionandrobustnesshave not beenachieved. Nonetheless,therearesome

interestingresultsregardingtheperformanceof thealgorithm.

4.1 Volumetric ImageSetOverview

4.1.1 Data Calibration

High resolutionT1-weightedimagesgeneratedby an MR scannersuchasthoseusedin

this work aretypically corruptedby magneticfield andradio frequency inhomogeneities.

This resultsin variationsin intensityandcontrastacrosstheimage.Thatis, identicaltissue

36
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types(e.g. cortical gray andwhite matter)will give rise to varying intensitiesasa func-

tion of their spatiallocation. This is obviously undesirablefor any registrationprocedure

which utilizes intensity informationin orderto matchtissuetypesbetweenthe reference

andsourcevolumes.Typically thevariationis mostpronouncedin thez (superior-inferior)

direction.In orderto correctfor this,aprocedurefor computingtheone-dimensional“bias

field” andapplyingits inverseto theimageto generatenormalizedintensityvaluesis used.

Theprocedurerelieson theassumptionthat in any givensliceparallelto thex-y planein

themagnetcoordinatesystem,thehighestintensitytissuetypeof any significancewill be

whitematter. Thealgorithmproceedsasfollows:

1. Constructa setof histogramsfrom overlappingslicesparallelto thex-y planein the

magnetcoordinatesystem.Ontheorderof 10-15sliceswith 50%overlapin adjacent

slicesis typically used.

2. Smooththeresultinghistogramsusinga fairly broad(σ � 2) Gaussianto eliminate

noise-inducedpeaks.

3. Useapeak-findingalgorithmto determinetherightmost(i.e. highestintensity)peak

in thehistogramcontaininga significantnumberof voxels (usuallymorethan15%

of the non-backgroundvoxels in the slice). The locationof the peakspecifiesthe

meanwhitematterintensityfor thatslice.

4. Discardoutliersfrom thearrayof detectedmeanwhite matterintensities.This step

makesuseof the fact that the variation in intensitydueto magneticfield inhomo-

geneitiesis smoothacrossspace,andthat thereforethe variationin detectedmean

white matterintensityshouldbe small in any two adjacentslices. Specifically, the

mediandetectedwhite mattervaluein a setof slicesaroundtheTalairachorigin is

usedasa startingpoint. Thenslicesareaddedfor which the gradientof the inten-

sity changeover spacewith respectto thenearestvalid slice is below a prespecified

threshold(0.4/mm).
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5. Fit asetof cubicsplinesto theresultingcoefficientsof thevalid slices.

6. Usethesplinesto interpolatethecoefficientsfor eachpoint alongthez-axis.

7. Adjusteachintensityvalueby thecoefficientat its z coordinate.

This procedureis quite robust dueto theminimal assumptionson which it relies(i.e.

no parametricform) aswell asthebuilt-in cross-validationin step(4).

4.1.2 SourceVolumes

Thevolumetricimagesetsutilizedfor thisworkareT1-weightedvolumeswith 1 � 1 � 1 mm

voxel resolutiontaken usinga short3-D acquisitionsequence(eg. GE SPGR,Siemens

MP-RAGE).Thedimensionsof thevolumecoveringthebrainareapproximately16.9cm

laterally, 25.6cm inferior to superior, and25.6cm posteriorto anterior. Theresultingdata

volumeis 256� 256� 256voxelswherethelateraldimensionhasbeenpaddedwith zeros.

Two normalvolumeshave beenselectedto facilitateperformanceanalysisof thealgo-

rithm. Figure4.1showsthesagittal,coronal,andtransverseslicesof VolumeA. Figure4.2

showsthecorrespondingslicesof VolumeB.

4.1.3 ReferenceVolumes

Thereferencevolumethatis usedfor registrationis constructedby averagingN previously

alignedindividualbrainvolumes.This is expressedin thefollowing equation:

R
�
x �� 1

N

N

∑
k G 1

Sk

�
x ��	

whereSk representsthe kth alignedvolume. Associatedwith this averagevolume is a

measureof the intensityvarianceat eachvoxel location(Ω2 � x � ) which is estimatedin an

unbiasedfashionasfollows:

Ω2 � x �F� 1
N � 1

N

∑
kG 1 Z Sk

�
x �>� R

�
x �J[ 2 
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Figure4.1: Imagevolumeof a typical individualbrain (VolumeA): (a) sagittal, (b) coronal,
and(c) transverseslices.
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Figure4.2: Image volumeof a secondtypical individual brain (VolumeB): (a) sagittal,
(b) coronal,and(c) transverseslices.
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Figure 4.3: Reference data volumeconstructedby averaging 40 Talairach registered
brains: (a) sagittal, (b) coronal,and(c) transverseslices.

For the initial referencevolume usedin this work, 40 volumesare registeredin the

Talairachregistrationspaceandthenaveragedasabove. Theresultingcompositevolume

is shown in Figure4.3,andcorrespondingslicesthroughtheΩ
�
x � datavolumeareshown

in Figure4.4.

Visual inspectionof this initial referencevolume(Figure4.3) andcomparisonwith a

typical individual volume(Figure4.1) seemsto show that the intrinsic resolutionof the

referencevolumeis lessthanthe256� 256� 256voxelsusedto representit. A crudequal-

itative comparisonbetweenthe sagittalslice of the reference[Figure 4.3(a)]anda Gaus-

sianpyramid constructedfrom an individual volume(Figure4.5) indicatesthat the true

intrinsic resolutionvariessomewherebetween32 � 32 � 32voxelsand128� 128� 128vox-

els. Thecorpuscollosumandothersubcorticalfeaturesseemto correspondwell with the

128� 128� 128voxel representation[Figure4.5(a)]while thecorticalgyri andsulci seem

to only be resolved aswell as thoseof the 32 � 32 � 32 voxel resolutionindividual [Fig-

ure4.5(c)].



CHAPTER4. RESULTS 41
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Figure 4.4: Standard deviation values(Ω) associatedwith the referencevolume(Fig-
ure4.3): (a) sagittal, (b) coronal,and(c) transverseslices.

(a) (b) (c)

MR Intensity (counts)
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Figure4.5: A mid-sagittal sliceof a brain volumerepresentedat threelevelsof a Gaussian
pyramid: 128� 128� 128(a), 64 � 64 � 64(b), and32 � 32 � 32(c).
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This observationraisessomeissuesasto why this compositevolumewith anintrinsi-

cally lower resolutionis usedasa referencefor a high resolutionindividual. Ultimately

thegoal is to not usethis particularreferencevolume,but to useit asanintermediatestep

whichwill helpto obtainwarpswhich improveupontheTalairachregistrations.Thesame

volumesusedto generatethe referencecanbe realignedwith the currentalgorithmand

thena secondreferencecanbeconstructedwhich will presumablyhave a higherintrinsic

resolutionandlessvariability thanthecurrentreferencevolume.Thisstepcanberepeated

asappropriateto obtainareferencewith asuitablyhighresolution.Dueto timeconstraints,

however, only theinitial referencevolumeis utilized in this work.

4.2 Algorithm Performance

4.2.1 Err or Analysis

To evaluatethe performanceof the algorithm,the two individual volumes(A andB) are

first warpedto thecompositereferencevolume,andcomparisonsarethenmadebetween

thetwo resultingwarpedvolumes.Theobjectivefunctioncoefficientsλ1, λ2, andλ3 areset

to 1, 1 � 10! 3, and1 � 10! 7 respectively, andtheprimarymetricutilized for comparison

is themeansquarederror(MSE). Table4.1summarizestheMSE betweenVolumeA and

VolumeB at variousstagesof thealgorithmandat variousresolutions.

Table4.1: Meansquarederror(MSE)betweenVolumeA andVolumeB.
PyramidLevel

WarpField 32 � 32 � 32 64 � 64 � 64 128� 128� 128 256� 256� 256
Affine 61.46 134.98 226.74 367.82

32 � 32 � 32 20.45 86.59 188.16 339.00
64 � 64 � 64 24.37 69.22 164.53 308.63

128� 128� 128 24.38 75.41 164.54 308.44
Bold face indicatesthepyramidlevel actuallyutilized to generatetheparticularwarpfield.

To furtherexplainTable4.1,thewarpingalgorithmis executedon eachsourcevolume
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(A andB) independentlyusingthepreviouslydescribedreferencevolumein bothcases.In

thecourseof thealgorithm,first anaffine warpfield is constructedandthenwarpfieldsof

32 � 32 � 32, 64 � 64 � 64, and128� 128� 128 resolutionaresuccessively generated.Each

warp field is actuallyobtainedutilizing only a single level of the Gaussianpyramid (the

bold face entriesin the table), but then is appliedto all the levels for the purposesof

analysis.To accomplishthis, it is sometimesnecessaryto applya lower resolutionwarp

field to a higherresolutionvolume.Conversely, a higherresolutionwarpfield is, at times,

appliedto a lower resolutionvolume. For this analysis,theappropriatelysizedwarpfield

is generatedby usingtrilinear interpolation.Now, applyingthewarpfieldsto thevolumes

generatesasetof 16differentwarpedvolumes(four warpfields � four pyramidlevels)for

eachsourcevolume. The tableentriesindicatethe MSE betweencorrespondingwarped

volumesof VolumeA andVolumeB.

Readingacrossthe table from left to right, the MSE always increases.This can be

understoodby realizingthatateachlowerlevel (higherresolution)of theGaussianpyramid

moreandsharperdetailis revealed,thusincreasingthepotentialfor mismatchedintensities.

Equivalently, the MSE alwaysdecreaseswhenreadingin the oppositedirection(right to

left) becausethevolumesbeingcomparedaresuccessively blurredandsubsampled.This

blurringandsubsamplinghastheeffectof makingthevolumesmoresimilar.

A moreinterestingview of Table4.1 is to readfrom top to bottom. Herewe seethat

the MSE initially improveswhenadvancingfrom the affine warp field to the 32 � 32 � 32

warpfield. The64 � 64 � 64 warpfield, however, doesnot alwaysimprove thematch(the

32 � 32 � 32 level of the pyramid becomesworsegoing from 20.45MSE to 24.37MSE).

Furthermore,progressingto the128� 128� 128warpfield we seeessentiallyno improve-

ment at any level of the pyramid. This behavior can be explainedby recalling that the

intrinsic resolutionof thereferencevolumeis closeto 64 � 64 � 64 asdescribedin Subsec-

tion 4.1.3.Thewarpingalgorithmcannotbeexpectedto achieve improvedresultsat levels

beyondtheintrinsic resolutionof thereferencevolumebeingemployed.
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Figure4.6: Warp of VolumeA usingthe 128� 128� 128 derivedwarp field: (a) sagittal,
(b) coronal,and(c) transverseslices.

Presumably, asdiscussedin Subsection4.1.3,thewarpedvolumesthatareproducedby

usingthis particularreferencevolumewill bemoresuitablyaligned,thusenablinga refer-

encevolumewith higherintrinsic resolutionto beconstructed.Interpretationof theresults

that follow do not necessarilysupportthis presumption,however. Figure4.6 shows Vol-

umeA afterapplicationof the128� 128� 128warpfield. Artif actshavebeenintroducedin

attemptingto matchbeyondtheintrinsic resolutionof thereferencevolume.For example,

thewavy quality of thescalpandthecorpuscollosumasseenin thesagittalview of Fig-

ure4.6doesnot look particularlynatural.Figure4.7showstheeffectof theindependently

derived 128� 128� 128 warp field appliedto VolumeB. Otherunnaturalartifactsappear

heresuchastheshadow-likeblurring of thescalpon theleft andright sidesof thecoronal

sliceandtheappearanceof high intensitydotsoutsideof thescalpin theupperright of the

transverseview.

The differencemapfor thesetwo warpedvolumesis shown in Figure4.8. For com-

parisonwe show theaffine registeredversionsof VolumeA andVolumeB in Figures4.9

and4.10respectively alongwith theirdifferencemapin Figure4.11.
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Figure4.7: Warp of VolumeB usingthe 128� 128� 128 derivedwarp field: (a) sagittal,
(b) coronal,and(c) transverseslices.

In termsof theMSE, theerrorsbetweenVolumeA andVolumeB whenwarpedwith

their respective 128� 128� 128warpfieldsaresmallerthantheerrorsproducedwith their

affine transformations.Thedifferencein MSE is only 16%,however. Notethat theaffine

transformationappearsqualitatively superiorasnoneof thepreviouslymentionedartifacts

arepresent.

At a resolutionof 32 � 32 � 32, the visual quality of the warpedvolumesis improved

somewhat asseenin Figure4.12. This representsa 60% improvementin the MSE over

theaffine transformationwithout introducingany significantartifacts.For comparisonthe

affine transformationat thissamelevel of resolutionis shown in Figure4.13.

4.2.2 Constraint Analysis

Minimizing theMSE is only oneaspectof achieving asuitablewarp.As describedbefore,

additionalconstraintsareplaceduponthealgorithmto facilitatea biologically reasonable

warp. Theseconstraintsaredesignedto maintaina homeomorphismandalsoto minimize

theamountof distortion.
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Figure4.8: Differencemapof VolumesA and B warpedwith the 128� 128� 128 derived
warp field (Figures4.6 and4.7 respectively):(a) sagittal, (b) coronal, and(c) transverse
slices.
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Figure4.9: Affineregistrationof VolumeA with thereferencevolume:(a) sagittal, (b) coro-
nal, and(c) transverseslices.
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Figure 4.10: Affine registration of Volume B with the referencevolume: (a) sagittal,
(b) coronal,and(c) transverseslices.
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Figure 4.11: Differencemap of VolumesA and B after application of the affine warp:
(a) sagittal, (b) coronal,and(c) transverseslices.
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Figure4.12: Sagittal view after nonlinearwarpingof (a) VolumeA, (b) VolumeB, and(c)
their difference(A-B)at 32 � 32 � 32resolution.
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Figure4.13: Sagittal view after affine transformationof (a) VolumeA, (b) VolumeB, and
(c) their difference(A-B) at 32 � 32 � 32 resolution.
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Figure4.14:Jacobianmapfor thewarpfieldobtainedfor VolumeA: (a) sagittal, (b) coro-
nal, and(c) transverseslices.

Shown in Figure 4.14 is a map of the Jacobiandeterminantfor the final warp field

obtainedfrom thealgorithmafterapplicationto VolumeA. Thethreeviews of this figure

correspondexactlyto theviewsshown in Figure4.9.Theviewsof theJacobiandeterminant

aredominatedby valuescloseto unity. Thusthemapappearsratherdarkwhich indicates

that mostof the volumeis beingpreserved. In addition,therearesomepointsof higher

intensity indicating volumetric expansionis occurring. On the right side of the sagittal

view of Figure4.14,thereexistafew pointsthatarelessthanzeroindicatingthatvolumetric

inversionhasoccurred.Thesepoints,however, arelessconsequentialsincethey areoutside

of thebrainvolumeitself.

Figure4.15showsthemetricdistortioninducedby thealgorithm.Hereweseethatmet-

ric distortionis dominatedby smallvalueswith only a few locationsexceedingmorethan

2 mm. Theareaon theright sideof thesagittalview doesexhibit relatively largeamounts

of distortion,but again,this areais outsideof the brain volumeitself. The explanation,

however, for therelatively largedistortionandvolumetricinversionis unknown.
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Figure 4.15: Metric distortion introducedby the warp field obtained for Volume A:
(a) sagittal, (b) coronal,and(c) transverseslices.

4.2.3 ExecutionSpeed

The executionof the algorithmcantake a considerableamountof time. For the typical

sourceandreferencevolumesshown in the previous sections,the algorithmrequiresap-

proximately80 hoursof executiontime on a 700MHz PentiumIII systemwith 512MB

of main memory. A large amountof this time is spentin easilyprogrammedbut ineffi-

cient loopsaswell asrecordingintermediatediagnosticresultsto aid in thedevelopment

of the algorithm. No attemptwasmadeto improve this aspectof performance,however,

andcertainlyreducedexecutiontimescouldbeobtainedthroughoptimizedprogramming

techniquesandremoval of thediagnosticcode.
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Conclusions

As notedpreviously, thecurrenttechniquedoesnotcompletelysatisfytherequirementsfor

a suitablewarp,sodiscussionof potentialmodificationsis providedin Section5.1. Addi-

tionally, thoughtson thevalidity of brainwarpingin generalarecontainedin Section5.2,

andconcludingremarksarefoundin Section5.3.

5.1 PossibleModifications

Reducedexecutiontime would greatlyfacilitatethefurtherdevelopmentof thecurrental-

gorithm.While overallspeedof thealgorithmis notof particulartechnicalinteresthere,the

exceedinglylong executiontimesof 80 hourshindertheefficient evaluationof algorithm

modificationsandextensions.Softwareprofiling canbeutilized to identify the inefficient

portionsof thealgorithmcodewhichcanthenbeoptimizedin somefashion.Additionally,

oncedevelopmentof thealgorithmhasbeencompleted,theproductionversionof thecode

canbenefitfrom removal of theintermediatediagnosticoutput.

Whenreasonableexecutiontimesareachieved,amorethoroughandsystematicsearch

for suitableobjective functioncoefficients(λ1, λ2, andλ3) canbeaccomplished.In terms

51
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of MSEandconstraintperformance,findingmoresuitablecoefficientsis probablythesim-

plestandmostdirectway to improvethealgorithm.

Anotheraspectthatshouldberevisited is thesimilarity termof theobjective function

[Equation(3.10)]. This term is constructedto help guide the generationof the warp by

minimizing a modifiedmeansquarederror. The squareddifferencein this term is mod-

ulatedby anestimateof the varianceat eachsamplinglocation(Ω2). The motivationfor

this is thathighly variablelocationsarelessreliableandhenceshouldcontributelessto the

evolution of thewarpfield. As canbeseenin Figure4.4, theareathat is themosthighly

variableis the skull andscalp,but this is preciselythe region that hasthe poorestmatch

afterwarpingVolumeA andVolumeB asshown in Figure4.8.Clearly, this regionmustbe

morevigorouslyandaccuratelyalignedwhichsuggestsremoving theΩ2 term.Removal of

this term,though,maybeproblematic.Theskull andscalpin thereferencevolumeshown

in Figure4.3arenotclearlydelineatedandareof amuchlower intensitythantheskull and

scalpof thesourcevolumesin Figures4.1 and4.2. (This blurredquality of theskull and

scalpregion is, of course,dueto the highervariability of this region.) Consequently, the

referencevolumedoesnotprovidemuchguidancefor thewarpingalgorithmasto how the

skull andscalpof thesourcevolumesshouldberegistered.Thesolutionfor thisproblemis

unclear, but potentiallyahigh resolutionindividualwho is somehow representativeof nor-

malbrainsshouldbeutilizedasthereferencevolume.Thiswouldallow removal of theΩ2

term in theobjective function,andthehigh resolutionreferencewould provide improved

guidancefor thewarpingalgorithm.

5.2 Warp Validity

Brain warpingis anactive areaof researchwhich combinesboth mathematicsandsignal

processingwith biology andneuroanatomy. Considerableattentionhasbeenpaid to the

mathematicalandsignalprocessingaspectsasevidencedby thewidevarietyof techniques
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whichrely onesotericmathematicalconstructssuchasChristoffel symbols[34], procrustes

metrics[35], continuum-mechanics[9], etc. While thesemathematicalformalismsarein-

teresting,thevastmajority of warpingtechniquesemphasizethemathematicsandneglect

thecritical componentof biology. Without a strongconnectionto thephysicalandbiolog-

ical propertiesof living tissues,warpingalgorithmsdegenerateinto a somewhatarbitrary

realignmentof voxels. Studiesof anatomyor brain activation basedon thesearbitrary

transformationsmaynotcontainsignificantmeaning.

To bemeaningful,warpingalgorithmsshouldbestronglyrootedin abiologicalframe-

work which incorporatesnot only reasonablebiological constraintsbut also the natural

variationof the anatomyunderinvestigation.AshburnerandFristoncomethe closestto

employing biologically relevant constraintsby suggestingthe useof empirically derived

priors for their MAP basedscheme[12]. Sincethe macroscopicphysicalnatureof brain

tissueis relatively unknown, utilization of databasedestimatesof varianceseemsparticu-

larly compelling. Eventhoughthephysicalpropertiesareunknown or difficult to model,

thewarpwill still progressin waysthataresimilar to thenaturallyoccurringvariationsof

thebrain.

Mostwarpingalgorithmsconstrainthewarpin somefashionsuchthatobviously incor-

rectwarpswhich violatebasicbiologicalprinciplesareavoided.For example,it is gener-

ally acceptedin the literaturethatsmoothhomeomorphicwarpsarerequiredfor thewarp

to beconsideredbiologically adequate.However, thedegreeof smoothnessrequiredis an

openquestion.Evenwhena vagueansweris given it is usuallyapplicationspecific. Ad-

ditionally, homeomorphicmapsaresoughtat theexpenseof matchinganatomicfeatures.

While thegrossanatomicalstructureshave specificrelationshipswhich requirea homeo-

morphismat largescales,thematchingof detailsatmuchfinerscalesmaybeunnecessarily

blockedby thedesireto maintainapurehomeomorphism.Theabsenceof obviousbiologic

incompatibilitiesdoesnot precludetheexistenceof non-obviousbiologic problemswhich

shouldbesoughtoutandaddressed.
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Theconcisespecificationof biologically relevantconstraintswith regardto brainwarp-

ing is a difficult andunsolvedproblem,andeven oncetheseareclearly statedin biolog-

ical terms,their translationinto mathematicalconstructscanbe particularlyproblematic.

Nonetheless,the implicationsof biological validity shouldstill be considered.Currently

availablewarpingalgorithmsdo have applicability in clinical andresearchsettings,but it

is vitally importantthatthewarpingmethodsemployedarewell understoodwith regardto

their biologicalimplications.Theapplicationof thewarpmustbeconsideredwhenselect-

ing a warpingalgorithm,andif the algorithmdoesnot provide sufficient meaningin the

chosencontext thenanalternativealgorithmshouldbefoundor constructed.

Thecurrentselectionof algorithmsseemsto bemostsuitedto situationswhereadirect

one-to-onemappingis known to exist asin thecaseof registrationof a singlebrainacross

imagingmodalitiesor acrosstime. In thesecases,asinglespecificbrainis underconsider-

ation,andunlesssomephysicaltraumahasoccurredbetweenscans,therewill bea direct

homeomorphiccorrespondencebetweentheimagevolumes.

5.3 Concluding Remarks

This reportbeganwith a brief history andbackgroundof brain warping,aswell asdis-

cussingthewidevarietyof applications.Severalof themoreprominentwarpingalgorithms

werealsodiscussedwith respectto thecurrentalgorithm.TheseincludedtheTalairachat-

las which is widely useddueto its simplistic implementation,intensitybasedalgorithms

whichrestprimarily on theimageintensities,andmodelbasedalgorithmswhichrely upon

extractionof geometricfeaturesto effect the warp. A full discussionof the mathematics

behindtransformationsis thenprovidedandusedasthebasisfor thedevelopmentof the

currentalgorithm.

Fundamentallyanintensitybasedalgorithm,thetechniqueseeksto minimizeanobjec-

tive functionwhich is constructedto encouragesimilarity in intensitywhile discouraging
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volumetric inversionandmetric distortion. This is accomplishedin a robust fashionby

utilizing a multi-resolutionscheme.Furthermore,the algorithmoperateswith no human

interventiononceit is initiated. Resultsarethenanalyzedin termsof the meansquared

error(MSE) aswell aswith regardto theconstraintsincorporatedinto thealgorithm.

Thelargestunsolvedproblemwith thecurrentalgorithmis theappropriateselectionof

theobjective functioncoefficients(λ1, λ2, andλ3). Therelationshipbetweentheobjective

functiontermsasspecifiedby thesecoefficientsis vital to thesuccessof thealgorithm,but

the techniquesavailablein the literaturefor obtainingthemwould requirean intractable

amountof computationif appliedto the currentalgorithm [33]. Also containedin the

concludingchapteris a discussionof the generalvalidity of warping algorithmsand a

suggestionthat the internalworkingsof any warpingtechniquemustbe understoodwith

respectto thebiologicalnatureof brainsbeforeapplicationto aspecificproblem.
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