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http://www.eecs.tufts.edu/~khan/Courses/Fall2013/EE105/Lecs/Lec.html

Comments on Lecture 2

Fall 20'1;’_ - EE 105, Feedback Control Systems (Prof. Khan)
: September 09, 2013

[. EIGENVECTORS AND EIGENVALUES

Choose a vector, x € R?, such that x les in the unit circle, i.e., with length less than or equal
to one. Mathematically, the length of a vector is denoted by {|x|j2, defined as

x|l = ¢/2f + 23, - (1)

where 2, and . are the horizontal and vertical components of x. A plot of 25,000 such x’s is
shown in Fig. L.

Fig. 1. Points generated arbitrarily inside the unit circle,

Choose a matrix, A € R**2, such that A is symmetric (the reason to be apparent in Lecture 3)
and its two-norm, denoted as || A2, is 1. The two-norm of a symmetric matrix is defined as

2 = VATA = max A, | (2)

where A; 1s the ith eigenvalue of A.
Lets consider the following operation,

y = Ax, (3

over all possible values of x in the unit circle. In other words, we do not constrain the collection
of x’s to have a particular structure other than a bound on its length. With this length constraint,



2

we can have a handle on the length of y:

HAXHQ’
Al ix
1.

livil2

AN

2, Sub-multiplicative property of two-norm

In other words, we know that for any x within the unit circle and for any matrix, A, with two-
|2, will be no larger than 1.

norm of 1, the operation, Ax, will return a vector, y, whose length, ||y
For the x’s shown in Fig. 1, the corresponding Ax’s are shown in Figs. 2. The corresponding A

matrix is also shown.

65 0.087752
_782 09985

~0.40875 1
5 —0.40533 |

Fig. 2. Different matrices operating on the points within the unit circle.
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Here is the key question: Why is it that x’s were only constrained to have at most unit length
but the resulting Ax’s lie in some ellipse (in addition to being at most unit length)? Furthermore,
each ellipse is different for a different matrix, A. Intuitively, a particular matrix, A, must have
something to do with the resulting ellipse. Convince yourself that an ellipse is essentially a
generalized circle.

We understand that a matrix (real-valued) rotates and scales a vector. But in addition, this
rotation and scaling are also different in different directions. Eigenvectors define such directions
along which the matrix would rotate a vector, and eigenvalues define the corresponding scaling.

As an example, consider the bottom right figure in Fig. 2, where

—0.7218 —0.4068

A == . 4
—0.4068 —0.4053 X

The eigenvectors and eigenvalues of A = VDV " are

—(.8254  0.5646 -1.0000 0

— - , D= - (5)
—0.5646 —0.8254 0 -0.1271

In Fig. 3, the blue lines are the eigenvectors multiplied by the corresponding eigenvalues. This
multiplication is necessary as the cigenvectors, by definition, are of unit length. Without this
multiplication, both blue lines will touch the unit circle. However, the contribution to the scaling
in each eigenvector’s direction is scaled by the corresponding eigenvalue.

Fig. 3. FEigenvalues and eigenvectors
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Try the following code with different A matrixes. Specifically, consider rank-deficient matrices
and make peace with the outcome. Below is the code to generate Figs. T and 2.

clear
clo

close all

A
A

1

randn(2);
L o+ AT

A/normid);

=g
1

= 7.
X = {JI
¥ o= [1;
¥%% Generate 25000 points for z vin unit clircle

while length(¥) < 25000
x = randni{2,1};
if norm(x) <=1

(¥ =];

Y o= [Y Axx};

o
]

plot {(K{l, ), K{2, 1}, "."}

hold on

plot(reai(exp(z*pi*i*{O:EOO]/100)},imag(exp(Z*pi*i*[O:lGO}/iOO)), Tiinew', 2, ‘color®,
axis{[-1 1 -1 1]}

grid on
set {gcf, "PaperPosition’, at lefi hand 5
set (gef, 'Paperiize’, [3 5 and he

box on

saveas (geca, 'ev figl', 'pdf')

figure

plet (¥Y{1, ), Y2, ), 'r.7)

nold on

plot(real(exp(Z*pi*iw[O:lOG}/lOO)),imag(exp(2*pi*i*[0:1001/100)), tiinew', 2 teolor', ‘black’)

text (~-.5,0, ["SAa=\left{\beginlarrayil{oci’® numZstr{A(l,1}) "&' numistr{A{i, 2}
numZestr (A {2,1}) ‘&' numlstr{A(2,2)) "‘endi{arvay!wrightl$'], ‘Tinterp', '1

axts([-1 1 -1 11}

grid on

set {gef, ‘FaperPosition’, nowilidioh 5 oand heiaht

i R Tt T PP P L
S wldhh D and helaht

set {gcf,

v

box on

saveas (gea, ‘ev_Tigl2’, 'pdf')
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Below is the code to generate Fig. 3.

clear
cle

close all

A= i ~0.7218 -0G.40868; -0.4068 ~0,40G53};
[V D} = elgla);
= [1;
¥ o= [1;
$%% Gener Z5000 polnts for ®Kow el

while length{X} < 25000
x = vandn(2,1);
if norm{x} <=1
X o= [X ni;
Y = [Y A+x];
end

arnd

figure

plot (¥ (l,:),¥(2,:}, "r."}

nold on

plot (real (exp (2+pi*i+[0:100}/100)}, imag {exp (2+xpi+i+[0:1001/1C0}}, Tii
axis{{-1 1 -1 1]}

grid on

plot {[0 D(1,1) V{1, 1)i,10 D{1,1}=v{(2,1)], 'linew', 3}

plot ([0 D(2,2)+V(1,2)1,[0 D(2,2)=V(2,2)], 'linew', 3}

set{gef,
set {gcf,

hox on

saveas {goa, 'ev Filglt, 'pdi")
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