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Problem Set #4 Solutions

Reading: Yates and Goodman, Chapter 3
Problem 1
e 3.4.2 From the Appendix in the text, the variance of an exponential RV is 1/A2. Since the
variance of Y is 25, we conclude that for this RV, A = 1/5.

1.y/5
e y>0
py(y) =42
0 else

— The PDF is

— Since the variance satisfies 02 = E[Y?] — (E[Y])? we have E[Y?] = 0% + (E[Y])? =
/A2 +1/22=2/)%2=2/25

— The required probability is

*1
PlY > 5] = / ge_y/5dy =e !
5

e 3.4.9Let T be the time for a call. In terms of T, the costs for plans A and B are:

Cyp = 10T
99 T <20
Cg =
99+ 10(T"—20) T > 20
Now we computed expected values:
*1
E[lC4] = / Z10te 7 dt
0 T
= 10E[T]) =107
20 4 00 1
ElCB] = / 99—e /7t +/ (99 — 10(t — 20)) —e~¥/"dt
0 T 20 T

= 99 — 107e 20/7

Playing around a bit with Matlab, gives us that for 7 greater than about 12.34 minutes,
calling plan B is a better deal than calling plan A.

e 3.5.3 We have that A ~ (N (0,0x) meaning

P[\X]glO]:P[mg10]:@(m)—q)(—lo):w(lo)—l:o.l

ox 2D’ 2D’ 2D’ ox

where I have used the method of Example 3.17. Now, solving the above for ox gives

1.1\]*
ox =10 [(I)_l <2>] ~10/0.13 =~ 77



e 3.5.5 We have T' ~ N(u, 15). From the problem statement we know

t—p _ 10—p 10 —p 1
P[T > 10] 05—>P[ 5 > 5 ] ( 5 3

which means ®((10 — u)/15) = 1/2. Since ®~1(0.5) = 0 we conclude that g = 10. Hence

T-10 32-10
PT>32 = P RN ]
= 1-3(22/15) = 1 — &(1.47) ~ 1 — 0.9292 = .0708
[T —10 < 0— 10]
B 15
= $(—0.66) = 1 — B(0.66) ~ 1 — 0.7454 = 0.2546
[T —10 < 60—10]
15 15
= ®(3.33) = 0.9996 using normcdf in Matlab

PT <0 = P

P[T>60] = P

e 3.5.7 Using inches as the standard unit of height in the problem, we let the RV X ~ N(70,0x)
be the height of a U.S. male. We interpret the statement that 23,000 of 100,000,000 males
are over 7 feet (84 inches) tall to mean

23,000
PIX >84] = 2"
[X > 84] 100, 000, 000

(a) Standardizing gives

p X—70>84—70 1 E _ 23 .
ox ox ox 100, 000

Solving for ox gives

14
ox = ~ 4.00 using norminv in Matlab

- 23
e <1 - 100,000>

(b) We have
X -170 - 96 — 70
4 4

HX>9@:P[ ]:1—@@@

(c) The probability that any individual is over 90 inches is
90 — 70

P[X>90]:1—<I>< >:1—<I>(5)%2.87e—7:p.
Now, for this problem, there are 100,000,000 men in the U.S. If each man is a Bernoulli

trial with p = 2.87e — 7, then the probability that there are no men over 90 inches in
height is (1 — p)100:000.000 ~ 3 56¢ — 13. This is a very small number indeed.

(d) Here we are asking for the expected number of “successes” in 100,000,000 trials of a
binomial RV with p = 2.87e — 7. This is just 100,000,000 x p ~ 28.7 or roughly 30 men.



e 3.7.2 We start by finding the CDF for Y:

Fy(y) = P[Y <] PIVX <y =P[X <y

y
= / e Mdx
0

— e

which holds for y > 0. Differentiating with repsect to y gives the PDF:

_ dFy (y)
dy

fr(y)

2)\ye*)‘y2 y>0
0 else

The form of a Rayleigh distribution is

2. —x%a?/2 >
fX<x):{ame x>0

0 else
The two are the same if a2 = 2\ or a = V/2\.
e 3.7.8

(a) First, the radius, R, of a circle with unit circumference satisfies 2rR =1 — R = 1/2m.
Now, if we let A denote the angle subtended by X we know from elementary analytic
geometry that A = 27 X. Next, Y, the area of the circle with radius 1/27 enclosed in a
sector with angle A is, using integration in polar coordinates:

1/2m A
Y:/ rdr/ da:—A2
0 0 87'('

but since A = 27X we end up with

(b) Using the definition of Fy (y) we have

Fy(y) = P[Y<y]=P[X <y}

47
0 y <0

= PIX <dmyl =1 [ lde =4my 0<y< L
1 y>ﬁ

(c) Taking derivatives we get

dF 4t 0<y< =
fy(y) = rly) _ am
0 else



(d) This is a uniform RV with parameters a = 0 and b = -. Hence the expected value is

1

8771_.

e 3.8.1
(a) The probability of B is
3
1
P|B| = —dX =6/10.
B = [ qgax =o/
So the conditional PDF is

/10 _ 1
fx (@) é/w =5 |zl <3
B(x|B) = €B=

(b) Since the conditional PDF is uniform with a« = —3 and b = 3, the conditional expected
value is E[X|B] = (a+b)/2=0
(c) From the a and b parameters identified in part (b), 0‘%(‘3 =(b—a)?/12=136/12=3

e 3.8.5 Since E[T] = .01 = 1/, the PDF for T is

100e~100t ¢ >0
fr(t) =
0 else

and the probability of the event A = {T" > .02} is

o
PIT > .02] = / 100e 0% gt = =2,
.02

Hence, the conditional PDF is

100e 2100t — 100e—100(t=-02) ¢ 5 (.02
fria(t|A) = {

else

But this is just a “shifted” exponential random variable. Hence, it’s mean (i.e., the conditional
expected value) will be the mean of the original,0.01, plus 0.02 which is 0.03. Since we still
have a decay paramater, A = 100 (i.e., since the shape of the random variance is the same
regardless of the shift along the T axis) the conditional variance will be the same as the
original, 1/\2 = 107%.

e 3.8.7

(a) Given that a person is healthy, the PDF is Gaussian with mean 90 and standard deviation
20. Hence the PDF is

1
s H) = o~ (£—90)/800
(b)
X — 140 —
PITHH] = P[X > 140/H] = P [ 2090 > 020 90] — 11— ®(5/2) = 0.006
P[T~|H] = P[X <110|H] =P {Xz—o90 < 11028 90] = ®(1) =0.841



()

Start from the definition of conditional probability

. PHT] _ P[T"|H]P[H]
PIHIT"] = 5= = P |HIP[H] + PIT-DIPD]"

We have all of the pieces of the formula on the right hand side except for P[T~|D] which
is

X—160< 110 — 160 _

P[T|D] = P[X < 110|D] = P <
40 40

1—®(5/4) = 0.106.
Putting everything together gives P[H|T~] = 0.986.

Note that P[T°|H] = 1 — P[TT|H] — P[T~|H] = 0.153. We can think of this need to
repeat tests as a Bernoulli process where a “failure” is given my an ambiguous test and
has probability of p = 0.153 while a success is an unambiguous result and occurs with
probability 1 —p = 0.847. The number number of tests until the first unambiguous result
given that a person is healthy is a geometric random variable

(I—p)p"™ n=123,...

0 else

pnjg(n|H) = {



