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1. In tro duction

Various applications in �elds such as nondestructive evaluation, medical imaging,
and geophysical prospecting are concerned with the determination of the spatial
variation of somephysical properties of an unknown and compactly supported object
from measurements of the scattered responseof a known electromagneticor acoustic
excitation. Several algorithms, such asthosein [8, 11, 17], have already beendeveloped
to solve the corresponding non-linear and ill-p osedinverseproblem. Theseapproaches
require the solution of a large-scale,non-linear optimization problem the sizeof which
corresponds to the number of pixels or voxels usedto discretizethe search area. These
algorithms generatevaluesfor every pixel, including thosenot associatedwith the object
itself thereby accentuating the ill-p osednature of the problem.

In this paper, to reducethe complexity (i.e., the dimensionality) of the problem,an
adaptive B-spline approach is proposedand applied to a two-dimensionalscalarinverse
scattering problem. B-splines have already shown their usefulnessin interpolation,
approximation and they have been widely used in computer-aided geometric design
(CAGD) [1, 3, 6, 9]. They have successfullybeen also used in a one-dimensional,
rough-surfaceinversion[13] and, in previouswork, for solving a one-dimensionalinverse
scattering problem for a di�usion coe�cien t [15] and for a two-dimensionalshape-based
approach for the localization of buried objects [14]. In this contribution, the use of
tensorsproducts of B-splines, de�ned in terms of their knot distributions, provides a
potentially usefulmeansof parameterizingthe unknown object.

The primary objectiveof the proposedmethod is to construct adaptively an e�cien t
an accurateand low-orderparameterizationof the object usinga small number of knots.
Roughly speaking, such a distribution is characterizedby few knots in 
at regionsof
the object and a higher density of knots in regionsof more \activit y" such as edges.
Then, the size of the problem one has to solve would only depend on the number of
knots in our representation, a quantit y many times smaller than the corresponding
number of pixels. Several knot insertion and deletion procedureshave beendeveloped
for CAGD, interpolation or approximation. In this work, a knot insertion procedure
based on curvature information and a deletion procedure based on data �tting are
proposed.Theseknot re�nement processesareembeddedin an overall inversionstrategy
comprisedof a sequenceof very low-order, non-linear optimization steps. Speci�cally,
given a collection of knots as determined by our re�nement process,the optimization
step is solved using a conjugate-gradient method [7, 12].

Moreover, asexempli�ed usingboth synthetic and real data, our reducedorder and
adaptive representation can improve the quality of the recovered object for the class
of problem of our interest. In fact, using low order B-spline parameterization of the
unknown imposesa degreeof smoothnessto the reconstructedimagewhich removesthe
needfor explicit regularization using e.g., a Tikhonov-type functional.

The paper is organizedas follows. In section2, the formulation of the problem is
presented. Section3 presents the pixel-based,non-linear inversion procedure. Section
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4 introducesthe B-spline formulation. Section5 and 6 describe the knot insertion and
deletion processes,respectively. Section7 shows someresults obtained using simulated
data and in section 8 the proposedalgorithm is tested against laboratory-controlled
data, both in the microwave domain. Finally, section 9 gives a brief overview of the
proposedapproach and someconcludingremarks.

2. Form ulation of the problem

The geometry of the problem is presented in Figure 1. A two-dimensionalobject of
arbitrary cross-sectionis illuminated by a given incident �eld and the scattered �eld
is measuredon receivers all around the object along a contour �. A search domain 

containing the object is considered. The embedding medium 
 b is assumedto be of
in�nite extent and homogeneous,with a given permittivit y " b = "0"br , and permeability
� = � 0 ("0 and � 0 being the permittivit y and permeability of the vacuum,respectively).
The object is assumedto be an inhomogeneousnon-magneticcylinder with complex-
valued permittivit y distribution "(r ) = " 0" r (r ).

The sourcesthat generate the electromagneticexcitation, Transverse Magnetic
(TM) polarized, are assumedto be lines parallel to the z-axis, located at (r l )1� l � L .
With an assumedexp(� i! t) time dependence,the time-harmonic incident electric �eld
createdby the l th sourceis given by:

einc
l (r ) = P

! � 0

4
H (1)

0 (kb jr � r l j); (1)

where P is the strength of the electric source,! is the angular frequency, H (1)
0 is the

�rst-kind, zero-order Hankel function and kb is the wavenumber in the surrounding
medium.

For the inverse scattering problem we assume that the unknown object is
successively illuminated by L electromagneticexcitations and for each incident �eld
the scattered�eld is available at M positions. For each excitation, the forward problem
is describedby two coupledcontrast-sourceintegral equations,the observation equation:

ed
l (r 2 �) = k2

b

Z



� (r 0) el (r 0) G(r ; r 0) dr 0; (2)

and the coupling equation:

el (r 2 
) = einc
l (r ) + k2

b

Z



� (r 0) el (r 0) G(r ; r 0) dr 0; (3)

where � (r ) = " r (r ) � "br denotesthe contrast function, G(r ; r 0) is the two-dimensional
homogeneousfree-spaceGreenfunction, and kb is the wavenumber.

The coupledintegral equations(2) and (3) are discretizedby using the method of
moments (of the segment-segment type) [10]. The discretization is doneby subdividing
the search domain into a regular mesh, [Nx � Ny] sized. Then, for each sourcel, the
two coupledequationscan be written as the following matrix system:

einc
l = el � G 
 D(c)el ; (4)
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ed
l = G � D(el )c; (5)

whereel is the total �eld vector of dimensionN (= Nx � Ny), einc
l is the incident �eld

vector of dimensionN , ed
l is the scattered�eld vector of dimensionM , c is the contrast

vector of dimensionN and G 
 and G � are the [N � N ] and [M � N ] matrices made
of properly integrated Green'sfunctions. D(t ) denotesa diagonalmatrix whoseentries
are the elements of a vector t .

Thesetwo coupledequationscan be expressedas the following non-linear equation
in c:

ed
l = A l (c) + b; (6)

whereA l (c) = G � D
�
(I d � G 
 D(c)) � 1 einc

l

�
c and whereb standsfor the noise,assumed

to be additive. I d is the [N � N ] identit y matrix. Moreover, in what follows, we de�ne
�( c) = (I d � G 
 D(c)) � 1.

The problem is now to retrieve the contrast pro�le c from the given scattered�elds
ed

l .

3. The non-linear inversion pro cedure

In order to solve the corresponding non-linear inversescattering problem, a conjugate-
gradient method [7, 12] is applied. Considering(6), one introducesthe cost function:

J (c) =
LX

l=1

k� l (c)k2; (7)

where � l (c) = ed
l � A l (c) is the residual vector. Eq. (7) represents the error when

matching the scattered�eld data.
Becausethe object to be estimated is complex-valued (the real part represents the

permittivit y and the imaginary part is associated with the conductivity), following [7]
the contrast function readsas:

� = � + i� � "br ; (8)

where� and � aretwo real-valuedauxiliary parameters.Then, the optimization problem
de�ned in (7) is transformed into the minimization of the function J depending on the
two auxiliary vector parametersc� and c� :

J (c� ; c� ) =
LX

l=1

k� l (c� ; c� )k2: (9)

In order to �nd a minimizer of J (c� ; c� ), two sequencesf c� ;ng and f c� ;ng are
constructedusing the following iterativ e relations:

c� ;n = c� ;n � 1 + � � ;nd � ;n ; (10)

c� ;n = c� ;n � 1 + � � ;nd � ;n ; (11)
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where all quantities are real-valued. The coe�cien ts � � ;n and � � ;n are determined at
each iteration using the derivative Brent method [16]. The (vector) search directions
d � ;n and d � ;n are the standard Polak-Ribi�ereconjugategradient directions:

d � ;n = g� ;n + 
 � ;nd � ;n � 1 with 
 � ;n =
hg� ;n jg� ;n � g� ;n � 1i 


kg� ;n � 1k2



; (12)

d � ;n = g� ;n + 
 � ;nd � ;n � 1 with 
 � ;n =
hg� ;n jg� ;n � g� ;n � 1i 


kg� ;n � 1k2



; (13)

where < :j: > D represent the inner product de�ned on L 2(D) and g� ;n and g� ;n are
the gradients of the cost functional J (c� ; c� ) with respect to c� ;n and c� ;n , respectively.
Thesegradients are given by:

g� ;n = � 2
LX

l=1

Re
h
D(�( c)einc

l )[I d + D(c)�( c)G 
 ]yG y
� � l (c� ; c� )

i
; (14)

g� ;n = � 2
LX

l=1

Im
h
D(�( c)einc

l )[I d + D(c)�( c)G 
 ]yG y
� � l (c� ; c� )

i
; (15)

where �T denotesthe complexconjugateof T, while T y denotesthe adjoint operator of
T.

4. Adaptiv e B-spline approac h

4.1. Bivariate spline overview

The most direct extensionof the univariate splinesto the bivariate caseis via a tensor
product. In accordwith [1, 6], let us considerthe strictly increasingsequences:

a = � 0 < � 1 < ::: < � g+1 = b;
c = � 0 < � 1 < ::: < � h+1 = d:

The function s(x; y) is a bivariate spline on [a;b] � [c;d] of degreek (order k + 1) in
x and l (order l + 1) in y, with knots � i , i = 0; :::; g + 1, in the x-direction and � i ,
i = 0; :::; h + 1, in the y-direction, if the following properties are satis�ed:

� On each subrectangle[� i ; � i +1 ]� [� j ; � j +1 ], s(x; y) is givenby a polynomial of degree
k in x and l in y at least:

s[� i ;� i +1 ]� [� j ;� j +1 ] 2 Pk 
 Pl ,

with i = 0; :::; g; j = 0; :::; h.

� The function s(x; y) and its partial derivativesare all continuouson [a;b] � [c;d]:
@i + j s(x;y )

@x i @y j 2 C([a;b] � [c;d]),

with i = 0; :::; k � 1; j = 0; :::; l � 1.
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Given the above setof knots, the collectionof functions which satis�es the speci�ed
properties forms a vector space,denoted by � k;l (� 0; ::; � g+1 ; � 0; ::; � h+1 ), of dimension
(g + k + 1)(h + l + 1). From the univariate case(see[6]), the following boundary knots
are introduced:

� � k < � � k+1 < ::: < � 0 = a;
b= � g+1 < � g+2 < ::: < � g+ k+1 ;
� � l < � � l+1 < ::: < � 0 = c;
d = � h+1 < � h+2 < ::: < � h+ l+1 ;

so that any tensor product spline s(x; y) 2 � k;l (� 0; ::; � g+1 ; � 0; ::; � h+1 ) has a unique
representation:

s(x; y) =
gX

i = � k

hX

j = � l

ai;j N i;k +1 (x)M j ;l +1 (y); (16)

where N i;k +1 (x) and M j ;l +1 (y) are the (normalized) B-splinesand ai;j are the B-spline
coe�cien ts of s(x; y).

One recallsthat the B-spline B i;k +1 (x) of degreek with knots t i ; ::; t i + k+1 is de�ned
as:

B i;k +1 (x) = (t i + k+1 � t i )
k+1X

j =0

(t i + j � x)k
+Q k+1

l=0 ;l6= j (t i + j � t i + l )
; (17)

where

(t � x)k
+ =

(
(t � x)k if t � x;
0 otherwise.

From the univariate case,the tensor product B-spline N i;k +1 (x)M j ;l +1 (y) has the
following properties:

N i;k +1 (x)M j ;l +1 (y)

(
� 0 for x; y 2 [a;b] � [c;d]
= 0 for x; y =2 [� i ; � i +1 ] � [� j ; � j +1 ]

; (18)

gX

i = � k

hX

j = � l

N i;k +1 (x)M j ;l +1 (y) = 1 for x; y 2 [a;b] � [c;d]: (19)

4.2. Adaptive inversion

The proposedapproach is rather simple in principle since it consistsin reducing the
complexity of the inverse problem by approximating the object using splines. The
contrast is then de�ned as:

c = Ba; (20)

whereB is the (sparse)matrix madeof cubic B-splinesand a is a vector of expansion
coe�cien ts.

Thus, the problem can be reformulated as:

ed
l = A l (a) + b; (21)
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where A l (a) = G � D
�
(I d � G 
 D(Ba)) � 1 einc

l

�
Ba . The corresponding non-linear

inversion is solved by consideringthe following cost functional:

J (a) =
LX

l=1

k� l (a)k2; (22)

where� l (a) = ed
l � G � D

�
(I d � G 
 D(Ba)) � 1 einc

l

�
Ba .

As for the complexcontrast function � , a can be split in two as:

a = a� + ia� � "br : (23)

The initial inversionproblem, i.e., the retrieval of the auxiliary vectorsc� and c� , both
vectors being of dimension N , is transformed into the retrieval of the two auxiliary
vectors a� and a� of dimensionN1 and N2, respectively, depending on the number of
knots, whereN1 << N and N2 << N . In what follows, to simplify the implementation
of the algorithm and assumingeither dielectric or metallic objects, only the real part or
the imaginary part is considered.This prior considerationdoesnot a�ect the general
featuresof the analysis.

The problem is now to determine an appropriate knot distribution. On the one
hand, one seeksa compact representation of the object to control complexity. On the
other hand, onewishesto have su�cien t 
exibilit y in the representation of the object to
capture its salient structure. This leadsus to considera multi-scale type of approach.
Starting with a coarsecollection of spline basisde�ned with relatively few knots, one
obtains a coarseestimate of the object. Then, the spline functions are re�ned inside
what it believed to be \in teresting regions" (i.e. objects inside the search domain) in
order to allow for improvements in the reconstruction. In the event that new or old
knots are ine�cien t for the image representation, a method for removing them is also
incorporated. The stepsof the proposedglobal procedureare as follows:

S1 - Initialization steps:

S1.1 - Fix a collection of few knots, along the x-axis and y-axis, which de�ne a
coarserepresentation of the search domain without taking into account any a
priori information concerningthe object locations (e.g. �gure 6a).

S1.2 - Construct B and initialize a to zero.
S1.3 - Solve the corresponding non-linear inversionby minimizing (22).

S2 - Iterativ e procedure:

S2.1 - From the previousestimateof a, insert new knots in areasof interest. Such
areasare identi�ed by curvature information. This step is detailed in Section
5.

S2.2 - Delete the ine�cien t knots for the object representation (seesection6 for a
detailed description).

S2.3 - Construct B corresponding to the new knot distribution.
S2.4 - Solve the corresponding non-linear inverse problem using the previous

estimate of a as initial solution.
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As the �rst distribution of knots is a coarserepresentation, few iterations at the
inversion step S1.3 are necessary. Moreover, for the other non-linear inversions(step
S2.4), a maximum number of iterations is �xed as a parameter at the start of the
algorithm. The global procedureis stopped when the di�erence betweentwo successive
criterion values is smaller than a �xed value (about 1:10� 6), or when the maximum
number of iterations for the stepS2 (�xed at the beginningof the algorithm) is reached.

The key stepsin this approach is to determinea usefulknot insertion scheme(step
S2.1) and deletion scheme(step S2.2). Both are detailed below.

5. Knot insertion

Di�eren t knot insertion schemes have already been developed for approximation,
interpolation or CAGD, but these methods seemto be not really convenient for the
problem. The goal of our knot insertion process(step S2.1) is to e�cien tly introduce
new knots in \in teresting areas". A method basedon mean curvature information,
which can be easily doneby dealing with splines,is proposed.

5.1. Curvature computation

Let us brie
y introduce,using [9], the meancurvature computation of a surfacecurve.
The surfacemay be given by its parametric form as:

x =

2

6
4

x(u; v)
y(u; v)
z(u; v)

3

7
5 ; u =

"
u
v

#

2 [a; b] � R2; (24)

where the Cartesian coordinates x; y; z of a surfacepoint are function of parametersu
and v and [a; b] denotesa rectanglein the (u; v) plane(seeFigure 2). To avoid potential
problemswith unde�ned normal vectors,oneassumes:

xu ^ xv 6= 0 for u 2 [a; b]: (25)

wherexu = dx
du and xv = dx

dv .
For a regular curve x[u(t)] on the surface,the (squared)arc element is de�ned as:

ds2 = Edu2 + 2F dudv + Gdv2; (26)

where:

E = E(u; v) = xu:xu;
F = F (u; v) = xu:xv;
G = G(u; v) = xv:xv:

(27)

Recallthat the arc element ds, beinga geometricinvariant of the curvethrough the point
x, doesnot dependon the particular parameterizationchosenfor the representation (24)
of the surface.

To facilitate the description of local curve properties at a point x(t) on the curve,
a local coordinate system(seeFigure 3) is introduced. Let x u and xv be its axes,with
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origin x. The partials xu and xv spanthe tangent plane to the surfaceat x. Its normal
xu ^ xv coincideswith the normal to the surfaceat x. The normalized normal n is
de�ned as:

n =
xu ^ xv

kxu ^ xvk
: (28)

Let now u(t) be a curve on the surfacex(u). From curve theory and Meusnier's
theorem(see[9] for more details), the normal curvature � of a surfacecurve at x in the
direction t , de�ned as du

dv = � , is given by:

� (� ) =
L + 2M � + N � 2

E + 2F � + G� 2
: (29)

whereL = n:xuu , M = n:xuv and N = n:xvv.
In the generalcase,� (� ) is a rational quadratic function whoseextremevalues� 1

and � 2 (principal curvaturesof the surfaceat x) occur at the roots � 1 and � 2 (principal
directions in the tangent plane) of:

det

"
�E � L �F � M
�F � M �G � N

#

= 0: (30)

The meancurvature follows as:

M c =
1
2

(� 1 + � 2): (31)

5.2. Knot insertion

During the insertion, the addedknots must provide a re�ned representation of the sought
objects. The proposedstepsare as follows:

S2.1.1 - From a current estimateof the (spline) object, compute the normalizedmean
curvature map.

S2.1.2 - Apply a threshold Th, relative to a percentage of the maximum value of the
curvature, on the map to �nd the \in teresting areas" (objects inside the search
domain).

S2.1.3 - Insert new knots betweenthe old oneswithin theseareas.

In the proposedinsertion procedure,a threshold must be �xed. Large threshold
values do not allow for the type of re�nement sought in terms of best resolving the
structure of the object. Small valuesof Th lead to the introduction of a large number
of knots, not all of them being required to represent the true objects. While these
\ine�cien t" knots will be removed during the deletion procedure (step S2.2) the
practical desire of controlling the computation time at this step leads us to enforce
enforcesa minimum spacingbetweenpairs of inserted knots. One can notice here that
the location of the knots is referencedin terms of (center) numbered pixel (see the
sectionon the numerical results).
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6. Knot deletion

The goal is to remove knots in a way that does the least damageto the accuracyof
the reconstructionasmeasuredby the cost function. That is, removal of knots tends to
decreasethe �delit y of the representation of the object thereby impacting the valueof the
cost function. Thus, one de�nes as \ine�cien t" knots those which do not signi�cantly
alter it.

To �nd the ine�cien t knots, a \w eight" is computed for each knot of the
distribution. Speci�cally, one removes a knot from the distribution and computesthe
cost, J , associated with this lower order representation of the object. The di�cult y
here is that, in principal, one must solve a non-linear optimization problem for each
knot removed. To avoid the practical computational problemsassociated with such a
strategy onenotesthat the removal of any oneknot typically inducesa \small" change
in the object and hencewe are motivated to solve linearized inverseproblems at this
stageof the algorithm in which the total �eld is held �xed at the value obtained with
the full knot sequence.This `linearization' doesnot directly in
uence the reconstruction
in the sensethat hereone just looks for a value information on the weight of knots.

Formally, to computethe weight of each knot and to deletethe ine�cien t ones,the
following stepsare proposed:

S2.2.1 - From the previousestimate of a and the knot distribution obtained after the
insertion process(step S2.1), compute the total �eld el using (4).

S2.2.2 - Minimize the following (linearized) criterion:

J 0(a) =
LX

l=1

k� 0
l (a)k2; (32)

where� 0
l (a) = ed

l � G � D (el ) Ba . This givesthe referencecriterion value J 0
r ef .

S2.2.3 - Remove a knot from the distribution (except the extremum knots).

S2.2.4 - Minimize the criterion (32) and associate the obtained criterion value J 0
knot to

the removed knot.

S2.2.5 - Put back the knot and go to step S2.2.3 until all weights are computed.

S2.2.6 - Remove the redundant or ine�cien t knots - i.e. knots associated to a criterion
value closeto the referenceoneJ 0

r ef (i.e. (J 0
knot � J 0

r ef )=J0
r ef < 0:001).

S2.2.7 - Go back step S2.2.2 until it is not possibleto deletea knot.

As complementary computational considerations,if adjacent knots (along the x-
axis or the y-axis) have a criterion valuecloseto the referenceone,only the closeroneis
removed. In fact, when a knot is removed from the knot distribution, the weight of the
neighboring knots change. So, after each knot removal, the weight of each knot of the
newdistribution must be computedagain. Moreover, each minimization of the criterion
J 0 is achieved for a given limited number of iterations (onceagain, here,one just looks
for a weight of each knot).
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The proposed knot insertion and deletion schemes have been constructed to
determine an e�ectiv e knot distribution for representing the unknown object. This
approach enables us to insert knots essentially within the area of the object and
henceintroducessome\geometrical information" about the unknown. Although not
necessarilyoptimal, this method is quite well adaptedto the inversescattering problem
and in what follows, the results obtained with simulated data and real data show the
e�ciency and accuracyof the proposedmethod.

7. Numerical results

In this section,in order to show the potential of the proposedadaptive B-spline method
and the speci�c knot insertion and deletion procedures,resultsobtained with simulated
data are presented.

7.1. Adaptive reconstruction

The con�guration under study [11] consistsof homogeneousdielectric cylinders with a
4�= 5 sided squarecross-section,separatedby a distanceof approximatively �= 2. The
contrast of these cylinders is � = 1:8. The squaresearch domain, of side d = 3� , is
discretizedinto 29� 29 cells. L = 29 electromagneticexcitations and M = 29 receivers
areconsidered.The simulated object (seeFigure 4a) and the retrieval onesarepresented
through amplitude and/or gray level mapswith wavelength-normalizedscaleaxis.

To initialize the algorithm, a knot collection comprisedof: kx=[1, 7, 14, 21, 29]
and ky=[1, 7, 14, 21, 29] is considered. This initial knot distribution does not take
into account any a priori information on the objects locations and allows us to obtain
a homogeneouscoarserepresentation of the domain (seeFigure 6a). Figure 4 shows
the reconstructions obtained after each non-linear inversion, for a threshold �xed at
Th = 0:80. Figure 4b shows the solution obtained after the �rst non-linear inversion
(step S1.3) , which required 5 iterations and correspondedto the �rst knot distribution
(seeFigure 6a). Figures 4c,d,e,fshow the results at the end of each stageS2.4, where
10 iterations of the non-linear conjugate-gradient (CG) method wereusedin all cases.

The �nal knot distribution consistsof: kx= [1, 4, 4.75, 6.43, 8.75, 9.62, 10.50,
14.00, 18.37, 19.25, 20.12, 21.75, 22.50, 23, 25, 29] and ky=[1, 7, 10.50, 11.37, 12.25,
14.87,15.75,16.62,17.50,21, 29] (seeFigure 6b). Thus, the �nal retrieved object is
represented by 176 control points requiring the determination of only 27 knots in the
B-spline approach instead of 841pixels for the pixel-basedapproach.

Figure 5 shows the simulated object, the reconstructions obtained using 45
iterations of the conjugate-gradient method (presented in section3) wherethe unknowns
are the full set of 841 pixel values,and the results of the adaptive B-spline approach.
One can notice a slight enhancement of the �nal solution, particularly for the shape of
the object, using the adaptive approach which requiresonly 27=841� 0:032degreesof
freedomrelative to a pixel-basedreconstruction.
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7.2. Noise e�ect

In this subsection,in order to show the in
uence of the noiseon the reconstructions,the
previouscon�guration is consideredwith noiseaddedto the scattered�eld as follows:

ed
b = ed(1 + r exp(i� )) ; (33)

where r is the percentage of added noiseand � is a vector of random deviates in the
range[0; 2� ].

To comparethe reconstructions,depending on the noiselevel, the Peak Signal to
NoiseRatio (PSN R), commonly usedin imageprocessing,is considered.It is de�ned
for a gray level B bits by:

PSN R = 10log
�

(2B � 1)2

d

�
; (34)

whered is the meanquadratic error given for a [Nx � Ny] imageby:

d =
1

NxNy

N x � 1X

i =0

N y � 1X

j =0

(I 0(i; j ) � I 1(i; j ))2; (35)

whereI 0 is the initial image(simulated object) and I 1 is the reconstructedimage.
Figure 7 shows the evolution of the PSN R for the adaptive approach (dashed

line) and the pixel-basedapproach (black line) for various noise levels. From these
results one can observe that the reconstructionsobtained with the adaptive approach
are better than the pixel-basedreconstructions.Henceby controlling the complexity of
the inversion processusing our B-spline technique one obtains a degreeof robustness
that doesnot require the useof an explicit regularization functional.

7.3. E�e ct of Threshold,Th

Heresomeresultsare presented to show the e�ect of the onekey freeparameter,Th, on
the reconstructionprocess.

The target is comprisedof two dielectric cylinders with circular cross-sectionof
radius r = 15 mm. One is characterizedby � = 3 and the other one by � = 1:8. The
search domain is a rectangulararea9:6� 14:4 cm2 sizedand it is discretizedinto 24� 36
cells. The imaging system consistsin 36 sourcesand 72 receivers and the operation
frequencyis f = 6 GHz.

The initial knot distribution consistsof kx=[1, 5, 10, 15, 20, 24] and ky=[1, 7,
14, 21, 29, 36]. Figure 8 shows the simulated object and the obtained reconstructions
using the pixel-basedapproach and the adaptive schemefor various threshold values.
The adaptive processcausesnew knots to be introducedonly in the areaof the higher
permittivit y object which leadsto somedegradationin the reconstructionof the smaller
contrast object relative to the pixel-basedapproach. On these simulated data, the
reconstructionsfor two successive thresholdsare closebut it was noticed that it is not
always true particulary for real data. Moreover, someartifacts appear in the regions
wherethere is no object. One can think that they are due to our global representation
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of the search domain - the obtained knot distribution is optimal for the representation
of the objects but this distribution leadsto a non-e�cien t representation of the regions
wherethere is no object.

Finally, the number of elements to be estimated in the adaptive approach is about
120to 132,dependingon the threshold level, to be comparedwith the 864elements for
the pixel-basedmethod.

8. Application to real data

The experimental data usedin this paper werecarried out at Institut Fresnel(Marseille
- France) and have been used to test a wide range of inversion schemes. One
can particulary refer to the special section: \T esting inversion algorithms against
experimental data," of the journal Inverse Problems(December 2001). Hence, the
proposedadaptiveschemeand the obtainedresultscanbecomparedwith thesedi�eren t
approaches.

The consideredexperimental setup (seeFigure 9), is described in [4]. A dielectric
or metallic homogeneousobject is irradiated by L = 36 di�eren t locations evenly
distributed around the object. The TM polarized incident �elds, einc

l (l = 1; :::; L),
are modelled in the investigating domain by a linearly polarized isotropic cylindrical
wave as de�ned in (1). The scattered �eld for each irradiation ed

l is measuredfor
M = 72 di�eren t locations evenly distributed around the object. However, due to
physical limitations, there is a blind zoneof 60� , from each part of the emitter, such
that the scattered�eld is measuredfor 49 out of the 72 receiver angles.

8.1. Two dielectric objects

A dielectric target madeof two identical cylinders with circular cross-sectionof radius
1.5 cm is consideredhere. The relative permittivit y of this target was estimated to
" r = 3� 0:3 [4]. The data associated to the so-calledtwodielTM 8f.exp�le areconsidered
for two frequenciescorresponding to 4 GHz and 7 GHz. In both cases,a rectanglesearch
domain of 8 cm (along the x-axis) � 16 cm (along the y-axis), discretizedinto 20� 40
cellsand centered at (x = 0 cm, y = 0 cm) is considered.

Figure 10 shows the reconstructionsobtained after 65 iterations of the conjugate
gradient algorithm and the reconstructions obtained using the adaptive B-spline
approach. For this method, 5 iterations of the nonlinear CG method are used in the
�rst inversionstepS1.3, and in the 5 iterations of stepS2.4 12 iterations areemployed.
For both frequencies,the initial knot distribution consistsof: kx=[1, 5, 10, 15, 20] and
ky=[1, 10, 20, 30, 40] and the threshold is �xed at Th = 0:60.

At 4 GHz, the maximum valueof the reconstructedpermittivit y is " r = 4:53 for the
conjugate-gradient method and " r = 3:48 for the adaptive approach - to be compared
with " r = 3 � 0:3. The �nal knot distribution is: kx =[1, 7.50,9.37,11.25,11.87,12.50,
13.12,13.75,15, 20] and ky=[1, 7.75, 10, 10.62,11.25,15, 20, 25, 29.37,30, 31.25,35,
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40]. The �nal estimatedobject is represented by 130control points through 23 knots in
the B-spline approach insteadof 800pixels. For this frequency, the two reconstructions
are similar but the estimatedpermittivit y is better with the adaptive approach.

At 7 GHz, the maximum value of the reconstructedpermittivit y is " r = 4:23 for
the conjugate-gradient method and " r = 4:10 for the adaptive approach. The �nal knot
distribution is: kx =[1, 5, 7.50, 8.12, 8.75, 9.37, 10, 10.62,11.25,11.87,12.50,13.12,
13.75,20] and ky=[1, 5.50,8.31,8.87,9.43,10, 10.62,11.25,11.87,15, 25, 26.25,27.50,
28.12,28.75,29.37,30, 30.62,31.25,35, 40]. The �nal estimated object is represented
by 294 control points through 35 knots in the B-spline approach instead of 800 pixels.
The enhancement of the reconstructionusing the adaptive approach is clearly visible on
theseresults.

One can notice that the center of the reconstructedcylinders, for both frequencies,
is slightly shifted. This shift, observed in all previousresults (seethe special sectionof
Inverse Problems), is within the experimental margin.

8.2. Metallic rectangular object

The metallic target is a centered �lled cylinder with a rectangular cross-sectionof
1:27 � 2:54 cm2. The considered experimental data correspond to the so-called
rectTM cent.exp �le for 8 GHz and 16 GHz. For the search domain, a 2:1 cm � 3:2
cm area,discretizedinto 20� 30 cellsand centered at (x = � 0:5 cm, y = � 0:75 cm) is
considered.The resultsarepresented asgray level mapsof the normalizednon-negative
imaginary part of the contrast functions, since only the shape is of interest for such
impenetrableobject.

Figure 11showsthe obtainedreconstructionsafter 45 iterations usingthe conjugate
gradient algorithm and the adaptive scheme. For both frequencies,the initial knot
distribution is: kx=[1, 5, 10, 15, 20] and ky=[1, 10, 20, 30] and the threshold is �xed at
Th = 0:8.

At 8 GHz, the �nal knot distribution is kx =[1, 5, 6.25, 7.50, 8.12, 8.75, 9.37, 10,
11.25, 13.75, 15, 20] and ky=[1, 5.50, 10, 11.25, 12.50, 13.75, 14.37, 15, 16.25, 16.87,
17.50,18.75,20, 30]. The �nal estimated object is represented by 168 control points
through 26 knots in the B-spline approach instead of 600pixels.

At 16 GHz, the �nal knot distribution is kx=[1, 5, 7.50, 10, 11.25, 12.18, 13.12,
13.75, 15, 20] and ky=[1, 5.50, 10, 10.62, 11.25, 12.18, 13.12, 14.37, 15, 15.62, 16.25,
16.87,17.50,18.75,20, 25, 30]. The �nal estimatedobject is represented by 170control
points through 27 knots in the B-spline approach instead of 600pixels.

As the object to be estimated is impenetrable, only its edgesare expected to be
retrievedlike for the resultsat 16GHz. So,at 8 GHz it seemsreasonableto considerthat
the results correspond to an equivalent object. One can alsonotice that the resolution
is not very good in someparts of the object for the reconstructionsobtained with the
adaptive approach. One can also think that it is due to our global representation.
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8.3. \U-shaped" metallic object

In this part, a \U-shaped" metallic cylinder de�ned within a 8 � 5 cm2 rectangle is
considered. The corresponding experimental data are the so-calleduTM shaped.exp
�le for 16 GHz. The consideredcentered search domain is a 15 cm � 12 cm area
discretizedinto 50� 40 cells. Like for the previous target, the results are presented as
gray level mapsof the normalizednon-negative imaginary part of the contrast.

Figure 12 shows the discretizedsearch domain, the reconstructionsobtained using
the conjugate gradient and using the adaptive approach for a threshold �xed at
Th = 0:70. The initial knot distribution consistsof kx=[1, 10, 20, 30, 40, 50] and
ky=[1, 10, 20, 30, 40]. The �nal knot distribution, is kx =[1, 10, 10.75,11.50,12, 23.50,
36.40,36.72,38,38.92,40]and ky=[1, 10,11.42,12,14.75,17.52,18,22.75,25.52,26.50,
27.68,28, 28.5,29.25,29.75,30, 30.50,31.25,40, 50]. Sothe search domain is described
by 210control point through 31 knots instead of 2000pixels.

Here, one can notice the very good reconstruction obtained using the adaptive
approach and the very small number of element to be estimated with the adaptive
approach in comparisonwith the pixel-basedmethod. Moreover, someartifacts can be
seeninside the \U" they appear to be due to stationary wave createdinside the cavit y.

9. Conclusion

In this paper, an adaptive spline-basedapproach for solving inversescattering problems
has beenpresented. This inversion method has beenproposedin order to reducethe
complexity of this non-linear,and ill-p osedinverseproblem. In addition our experiments
indicate that the reconstructionscan be improved in comparisonwith a simple pixel-
basedrepresentation of the object. The implementation of this method allowsusto solve
the inverseproblemby determining the knot distribution which approximatesthe object
to be estimated. In order to estimate the knot distribution a speci�c knot insertion
process,basedon curvature information, and a deletion process,basedon data �tting
information, have beenproposed. We demonstrateits utilit y both in the processingof
simulated data and real data. Thus the feasibility and utilit y of the underlying approach
of spline-basedadaptive processingfor inverse problem is validated. Moreover, this
approach hasbeenalsoapplied for the detection and characterization of buried objects
in an half-spaceusing simulated data [2].

An area of current interest is the development of more rigorous methods for
performing knot re�nement in order to improve the results and the computational
time. Indeed, the small number of elements to be estimated leads to decreasethe
computational time in the minimization procedurehowever; the actual deletion scheme
can be time-consuming. In an other way, a more localized description of the image is
under considerationin order to avoid someartifacts or the lossof resolution. In future
works, the use of Non-Uniform Rational B-Splines (NURBS) could be an interesting
areaof studiesfor the enhancement of the approach.
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Figure 4. (a) Real part of the simulated object. (b) Initial reconstruction obtained
at the end of stage S1.3. (c,d,e,f) Successive reconstructions obtained at the end of
each stageS2.4.
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Figure 5. (a) Mesh and (b) gray level map of the simulated object. (c,d)
Reconstruction obtained using the conjugate gradient algorithm. (e,f) Reconstruction
obtained using the adaptive approach (sameas in �gure 4f).
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Figure 6. (a) Initial knot distribution display over the simulated object (Figure 5b).
(b) Final knot distribution display over the �nal reconstruction (cf �gure 5f).
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Figure 8. (a) Simulated object. Reconstructions obtained using (b) the
conjugate gradient approach and the adaptive approach for (c) Th = 0:6%,
(d) Th = 0:7%, (e) Th = 0:8% and (f ) Th = 0:9%.
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Figure 10. Gray scale images of the reconstructed dielectric target made of two
cylinders at (a,b,c) 4 GHz and (d,e,f) 7 GHz, within a 8 cm � 16 cm centered search
domain discretized into 20 � 40 cells. (a,d) Simulated object, (b,e) reconstructions
obtained with the conjugate-gradient method, and (c,f ) reached solutions by the
adaptive approach.
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Figure 11. Reconstruction of the metallic target at (a,b,c) 8 GHz and (d,e,f) 16 GHz,
within a 2.1 cm � 3.2 cm centered search domain discretized into 20� 30 cells. (a,d)
Simulated target, (b,e) reconstructed object with the conjugate-gradient method, and
(c,f ) reconstructions obtained using the adaptive approach.
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Figure 12. Reconstruction of the \U-shaped" metallic target at 16 GHz, within a 15
cm � 12 cm centered search domain discretized into 50� 40 cells. (a) simulated target
(b) reconstructed target with the conjugate-gradient algorithm, and (c) reconstruction
obtained using the adaptive approach.


