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Abstract—We derive the optimal resource allocation of a
practical half-duplex scheme for the Gaussian multiple access
channel with transmitter cooperation (MAC-TC). Based on rate
splitting and superposition coding, two users transmit infor-
mation to a destination over 3 phases, such that the users
partially exchange their information during the first 2 phases
and cooperatively transmit to the destination during the last
one. This scheme is near capacity-achieving when the inter-user
links are stronger than each user-destination link; it also includes
partial decode-forward relaying as a special case. We propose
efficient algorithms to find the optimal resource allocation for
maximizing either the individual or the sum rate and identify the
corresponding optimal scheme for each channel configuration.
For fixed phase durations, the power allocation problem is convex
and can be solved analytically based on the KKT conditions.
The optimal phase durations can then be obtained numerically
using simple search methods. Results show that as the inter-
user link qualities increase, the optimal scheme moves from no
cooperation to partial then to full cooperation, in which the
users fully exchange their information and cooperatively send
it to the destination. Therefore, in practical systems with strong
inter-user links, simple decode-forward relaying at both users is
rate-optimal.

Index Terms—Cooperative communication, decode-forward
relaying, multiple access, resource allocation, rate maximization.

I. INTRODUCTION

OOPERATION among nodes in wired or wireless net-

works can significantly improve network throughput and
reliability [1]-[3]. A large number of cooperative schemes
have been proposed for fundamental networks such as the
relay channel and the multiple access channel with transmitter
cooperation (MAC-TC) [1]-[6]. The MAC-TC is particularly
interesting as it includes the classical MAC and also the
relay channel as special cases. Furthermore, it has immediate
applications in cellular and ad hoc networks. For example, in
the uplink of a cellular system, two mobiles can cooperate to
send their information to the base station. This cooperation
leads to a larger rate region and smaller outage probability
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as shown in [1]. In ad hoc or sensor networks, two or more
nodes with good inter-node link qualities can also cooperate
to send their information to a common destination.

An important question from the practical implementation
perspective is the optimal resource allocation that achieves the
maximum performance in a channel. Optimal resource allo-
cation has been studied quite extensively for non-cooperative
channels. In [7], for example, iterative water-filling is proposed
to maximize the sum capacity of the Gaussian MIMO MAC.
Optimal power allocations for minimizing the outage probabil-
ity of the fading MAC and broadcast channel are derived in [§]
and [9], respectively. These works are based on formulating
the problems as a convex optimization and then solving the
KKT conditions.

Recently, attention has been focused on resource allocation
for cooperative communications. For the half-duplex relay
channel, power allocations for maximizing achievable rates
of various schemes and an upper bound are derived in [4],
[5], and for minimizing the power consumption over AWGN
channels in [10]. For the full-duplex relay channel, power
allocation for minimizing the outage probability using multi-
hop or decode-forward relaying is derived in [11]. For the
full-duplex MAC-TC with the generalized feedback scheme
analyzed in [1], the optimal power allocation is derived in
[12]. Moreover, reference [12] also puts forward a new half-
duplex scheme with its optimal power allocation. This half-
duplex scheme, however, is sub-optimal as it is not based on
sound information-theoretic analysis.

In [6], we have proposed a near capacity-achieving half-
duplex cooperative scheme for the MAC-TC consisting of two
users communicating with a destination. The scheme is based
on rate splitting, superposition coding and partial decode-
forward relaying. The transmission occurs over independent
blocks, each of which is divided into three phases. During
the first two phases, the two users exchange part of their
information; then during the last phase, they cooperatively
transmit their information to the destination. This scheme
is near capacity-achieving as shown in [6], especially when
the inter-user link qualities are higher than the link quality
between each user and the destination. Moreover, it includes
as a special case the half-duplex decode-forward scheme for
relay channels as proposed in [4], [5].

In this paper, we derive the optimal power allocation and
phase durations that maximize the individual or sum rate of
this scheme applied in the Gaussian channel with Gaussian
signaling. This optimization generalizes our previous results
in [13] for the symmetric channel to the general asymmetric
case. Since the considered problem for either individual or sum
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rate maximization is convex only with fixed phase durations,
we decompose the problem into 2 steps [14]. First, we fix
the phase durations and derive the optimal power allocation
by analyzing the KKT conditions of the obtained convex
problem. Then, we find the optimal phase durations numeri-
cally. Depending on the link qualities between two users and
the destination, we analyze different cases resulting from the
KKT conditions, derive the power allocation and obtain the
corresponding optimal scheme for each case.

Analysis and numerical results show that a user chooses to
cooperate with the other if the link to this user is stronger
than to the destination, but abstains from cooperation if this
link is weaker. As the inter-user link quality increases, the
amount of information sent cooperatively also increases, such
that the scheme will transverse from partial to full cooperation.
Using optimization results, we further characterize the optimal
scheme for each geometric location of the destination on a 2D
plane with respect to the locations of the two users where the
channel gain between any two nodes is related to the distance
by a pathloss-only model. We present the geometric optimal
regions of each scheme. These analyses can be useful for
network planners in obtaining the optimal performance.

II. CHANNEL MODEL

The Gaussian MAC with transmitter cooperation (MAC-
TC) consists of two users and one destination. The com-
munication links among these terminals are characterized by
complex-valued channel gains and additive while Gaussian
noise (AWGN). The mathematical formulation of this channel
can be expressed as [1]

Yio = h12 X1 + 74,
Yo1 = ha1 Xo + Zy,
Y3 = h10X1 + hao X2 + Z3, (1)

where X; and X, are signals transmitted from user 1 and
user 2, respectively; Ya1, Y12, and Y3 are the signals received
by user 1, user 2, and the destination, respectively; Z1, Zs,
and Z3 are i.i.d complex Gaussian noises with zero mean and
unit variance; hio, and hs; are inter-user link coefficients,
whereas hig and hog are the link coefficients between the
users and destination. Each link coefficient is a complex
value h;; = gijeY 1% where g;; is the real amplitude gain
and 60;; is the phase. We assume that each user knows all
link amplitudes and phases of all links to the destination.
This information can be obtained through feedback from the
destination or channel reciprocity as discussed in [1]. We
also assume that each receiver can compensate for the phases
perfectly.

The half-duplex constraint is satisfied by using time division
consisting of 3 phases as shown in Figure 1. The channel
model in each phase can be expressed as

phase 1: Yio = hi2 X1y + Z1, Y1 = hioX11 + Z31, (2)
phase 2 : Yo, = ho1Xoo + Zo, Yo = hogXoo + Z3o,
phase 3: Y3 = h1oX13 + hooXos + Z33,

where Y;;, (i,7) € {1,2}, is the signal received by the ;"
user during the i phase; Yy, k € {1,2,3} is the signal
received by the destination during the £™ phase; and all
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Fig. 1. Half-duplex coding scheme for the Gaussian MAC-TC.

the Z;, 1 € {1,2,31,32,33}, are i.i.d complex Gaussian
noises with zero mean and unit variance. X7 and X3 are
the signals transmitted from user 1 during the 1%* and 3™
phases, respectively. Similarly, X292 and X3 are the signals
transmitted from user 2 during the 2" and 3™ phases.

III. COOPERATIVE SCHEME AND RATE REGION

In this section, we describe the proposed half-duplex
scheme for the MAC-TC. We then show its achievable rate
region and analyze the special case of partial decode-forward
relaying.

A. Cooperative Scheme

We use a block coding scheme in which every block has the
same length and is coded independently. Using time division,
each block is divided into 3 phases with durations a;, g and
a3 =1 —aj; —as. Let wy and wo be the messages to be sent
during a specific block by user 1 and user 2, respectively. Each
user splits its message into two parts: w; = (wig, w12) and
wg = (wa0, wa1 ), Where w12 and way are cooperative message
parts to be decoded by the other user and the destination,
wip and weg are private message parts to be decoded by the
destination only. During the 1% phase, user 1 sends wi2 and
user 2 decodes it. Similarly, during the 2" phase, user 2 sends
wy1 and the user 1 decodes it. Then, during the 3rd phase, user
1 sends both cooperative message parts and its own private part
as (w1g, w12, wso1). Similarly, user 2 sends (weq, w21, w12).
The users encode these messages by superposition coding.
At the end of the 3™ phase, the destination utilizes signals
received in all three phases to jointly decode both messages
(w1, ws). Figure 1 illustrates this proposed scheme.

1) Signaling: User 1 first generates a codeword for its
cooperative message part in the 1% phase and constructs the
signal X;;. It then superimposes its private message part on
both cooperative message parts and constructs the signal X7 3.
Similarly for user 2. Therefore, both users construct their
transmit signals as

Xll — ,/pllUl (w12)7 X22 — p22U2(w21)
X3 = 4 /plOV]_ (’wlo) + \/p13U3(w127w21)7
Xoz = \/p20Va(wao) + v/p23Usz (w12, wa1) 3)

where Uy, Us, V1, Vo and Us are independent and identically
distributed Gaussian codewords with entries that have zero
mean and unit variance. Here, pi1, pa22, p1o0 and pgy are the
transmission powers allocated for codewords Uj, Us, Vi and
Vs, respectively, p1s3 and po3 are the transmission powers
allocated for codeword Us by user 1 and user 2, respec-
tively. These power allocations satisfy the following power
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constraints:

aipi + az(pio + p13) = P,

aapag + az(pao + p23) = Pa. “4)

Then, in the 1% phase, user 1 sends wis at rate Rjs by
transmitting the signal X; and user 2 decodes wy2. Similarly,
in the 2" phase, user 2 sends wa; at rate Rop by transmitting
the signal Xs2 and user 1 decodes ws;. Finally, during
the last phase, user 1 sends (wig, w2, we1) at rate triplet
(R10, R12, R21) by transmitting X;3. Similarly for user 2.
Since both users know wis and wo; in this phase, they can
perform coherent transmission of these cooperative message
parts by transmit beamforming such that the achievable rates
of both users are increased.

2) Decoding:

At each user: In the 1% phase, user 2 decodes wio from
Y12 using maximum likelihood (ML) decoding. User 2 can
reliably decode wyo if

Ris < ag IOg (1 + gfgpn) =1. 5)

Similarly, in the 2" phase, user 1 applies ML decoding and
can reliably decode wo; if

Ro1 < ap log(l + g§1p22) =1I5. (6)

At the destination: The destination utilizes the received
signals in all three phases (Y7,Y2,Y3) to jointly decode all
message parts (w1g, Wao, W12, We1) using joint ML decoding.
Specifically, it looks for a message vector (w1, Wao, W12, Wa1 )
such that the conditional probability of the received signal
vector (Y1, Ys,Ys) as in (2) given the codewords in (3) are
the highest among all other message vectors. The destination
can reliably decode this message vector if

Rip < azlog (1 =+ g%oplo) =13
Rao < aslog (1+ g0p20) = Iu
Rio + Rao < aslog (1 + giopio + g30p20) = I

)

Ry + Roo < anlog (1+ giyp11) + azlog(1 +¢) = Is

Rio+ Ry < aslog (1 + g3gp22) + aglog(l+¢) = Ir

Ri + Ry < aqlog (1 + g3yp11) + azlog (1 + g3ppa2)
+ azlog(l1+() = Is.

where

¢ = gio(p1o + p13) + g50(p20 + p23) + 29109201/ P13p23 (8)

These constraints are obtained as follows: I; is the maximum
reliable transmission rate for a message wy such that the
destination can decode wq reliably if it has decoded some
messages w, correctly, where for

. ] = 3, wWq = W10 and We = (U}go,’wlg,wgl)

. j = 4, wqg = W20 and We = (wlo,wu,’LUQl)

. ] = 5, Wq = (’wlo,wgo) and We = (’wlg,’wgl)

. ] = 6, Wq = (’wlo,wgo,wlg) and We = W21

. j = 7, Wy = (11)10,1020,1021) and We = W12

. j = 8, Wy = (11)10,1020,1012,11)21) and We = @
The decoding for wy given w, can be implemented as maxi-
mum likelihood decoding jointly among all messages in wg.
Note that the terms g, Iy and Ig show the advantage of beam-
forming resulted from coherent transmission of (wiz2,wa1)
from both users in the 3™ phase.
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B. Achievable Rate Region

The achievable rate region in terms of Ry = R0+ R12 and
Ro = Ryp + R is given in the following theorem:
Theorem 1. The achievable rate region resulting from the
proposed scheme consists of rate pairs (R, Ra) satisfying the
following constraints:

Ri<h+I3=
Re< DL+ I, & Jy
Ri+Re<L+L+1Is25
Ri+ R <ILh+Ig= 5,
Ri+Re <L +I; £ 53

Ri+Ry<Ig= S,

€)

for some a1 > 0, as > 0, a1 + as < 1 and power allocation
set (P10, P20, P11, P22, P13, P23) satisfying constraints in (4).

Proof: Combining (5), (6) and (7) leads to (9). [ |

As a special case of the proposed scheme, if one user has
no information to send and just relays the cooperative message
part of the other user to the destination, the scheme becomes
a partial decode-forward (PDF) scheme for the half-duplex
relay channel. For example, if user 2 has no information to
send, then as = 0, pa2 = p29 = 0 and pa3 = (1 — 011)_1P2.
The achievable rate for user 1 (R;) in this case is given as
in (9) with J, = 0, J; = S1, So = S4 and S3 redundant
since S3 > 5. Therefore, for the half-duplex relay channel,
the achievable rate in (9) becomes Ry < min{Jy, S4}.

In the original PDF scheme for the full-duplex relay channel
[15], the source sends both message parts and the relay
decodes only one. In [10], this partial decode-forward relaying
is adapted to 2 phases for the half-duplex relay channel. In [4],
[5], a slightly different two-phase scheme is proposed where
only one message part is transmitted in the first phase. Our
scheme also transmits only one message part in each of the
first two phases; however, it is equivalent to the PDF scheme
in [10], [15] as stated in the following Corollary:

Corollary 1. In the proposed scheme, each user transmits and
decodes only one message part in the first two phases. But
because of message splitting, this scheme is equivalent to a
partial decode-forward scheme where each user alternatively
transmits both message parts and decodes only one part in
the first two phases.

Proof: See Appendix A. ]

C. Rate Optimization Problems

We now turn to the question of finding the optimal resource
allocation to maximize either the individual rate or the sum
rate obtained by the proposed scheme as in (9). While it may
be tempting to treat the individual rate optimization problem as
a special case of the sum rate problem by setting ap = 0 and
R = 0, the two problems are in fact distinct. The rate region
for a fixed set of parameters is usually a pentagon obtained
from the intersection of the two individual rate lines and a
sum rate line. The sum rate line usually cuts the axes at points
outside the rate region since the sum rate constraint is larger
than either individual rate constraint. Thus, the individual
rate optimization problem cannot be obtained from the sum
rate problem by simply setting a user’s rate to zero. More
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specifically, the individual rate optimization problem has only
2 rate constraints whereas the sum rate problem has 4 rate
constraints. By setting as = 0 and Ry = 0, the 4 constraints
in the sum rate problem do not reduce to the 2 constraints in
the individual rate problem.

The optimal power allocations are also different in these 2
problems. Specifically,

o For individual rate maximization, the power constraint
in (4) at user 2 becomes pa; = p20 = 0 and pa3 =
(]. — Ozl)_lpg.
« For sum rate maximization, even with as = 0, the power
constraint at user 2 becomes p2; = 0 and p2g + p2s =
(1 -« 1)_1P2.
The pyo that maximizes the sum rate is not necessary zero
as in the individual rate problem, thus the two problems are
different. Consequently, we consider them separately.

IV. INDIVIDUAL RATE MAXIMIZATION

In this section, we fix the phase durations and derive the
optimal power allocation that maximizes the individual rate.
We formulate the problem as a convex optimization and
analyze the KKT conditions. We then obtain a theorem for the
optimal schemes resulting from this optimization and discuss
its implication on practical systems such as cellular networks.

A. Problem Setup

The individual rate can be maximized for a user when the
other user has no information to send but only helps relay
information of this user. In this case, the MAC-TC resembles
the half-duplex relay channel in [4], [5]. Specifically, consider
the optimal parameters that maximize R; in (9) given that
Ry = 0. We can directly see that for user 2, the optimal
parameters are

oy =0, phy = p3o =0, and p33 = P2/(1 —a1).  (10)

(Throughout this paper, superscript * indicates the optimal
value.) These parameters make J; = Si, Sy = Sy, and
S3 > Ry in (9).

Therefore, for fixed oy, R; is maximized by considering
the minimum between J; and S4 in an optimization problem
which can be expressed as

e T
s.t. Ry < alc(gfgpll) + (1 - al)C(g%Oplo) (11a)
Ry < a1C(giopn) + (1 —a1)C(¢) (11b)
P =aipi1 + (1 —a1)(pro + p13) (l1c)
p; >0, fori € {10, 11, 13}, (11d)

where ( is as in (8) with power allocations in (10), p =
[p10 p11 p13) and C(z) = log(1 + ). With fixed oy, this
problem is convex and can be solved using the KKT conditions
as shown subsequently.

The optimization in (11) is similar to that considered in
[4], [5]. However, in these references, the formulation is for
a fixed duration (o) and fixed transmit power at each phase
(fixed p11 and the sum pig + p13). The problem is only to
find the optimal power allocations for the private (p19) and
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the cooperative (p13) message parts. Afterward, the optimal oy
and transmit power in each phase (p11 and the sum p1g + p13)
are obtained numerically. On the one hand, this formulation
simplifies the derivation of the optimal p;g and p;3 because
with fixed p11 and p1g + p13, J1 becomes an increasing
function of pig while S; becomes a decreasing function.
Therefore, the optimal p;o and p;3 can be obtained by simply
solving J; = Sy, if a solution exists. On the other hand,
this problem formulation requires two-dimensional numerical
search for the optimal p1; and ;.

In this paper, we only fix «; and analytically derive the
optimal power allocations for all message parts (p11, p10, P13)
such that the KKT conditions for problem (11) are satisfied.
Then, the optimal phase duration «; can be obtained numer-
ically. Therefore, our algorithm requires numerical search for
ay only instead of both a; and py; as in [4], [5].

In [10], another optimization problem is considered for
minimizing the power consumption at a given transmission
rate for the half-duplex relay channel. The coding scheme
in [10] is slightly different from our proposed scheme in
that the source sends both message parts in the 1% phase
and the relay decodes only one. This scheme is the same
as the scheme analyzed in Appendix A when oy = 0. We
have shown that the scheme in Appendix A and our proposed
scheme are equivalent for the Gaussian channel since the
optimal power for the non-decoded message part at the relay is
zero. Therefore, the practical designer can choose between our
algorithm or that proposed in [10] based on the requirement,
whether it is to achieve the maximum transmission rate or to
save power at a given data rate.

B. Optimization Problem Analysis

Optimization problem (11) is convex because the objective
function and inequality constraints are concave functions of
pi, © € {10,12, 13} while the equality constraint is linear [16].
Since the objective function and inequality constraints are
continuously differentiable, KKT conditions are necessary and
sufficient for optimality. The Lagrangian function for problem
(11) is

L(Ra,p, A pt) = Bi — Ao(B1 — J1) — Mi(R1 — Sy)

= A2 (aipi1 + (1 —a1)(pro+p13) = P)—p-p, (12)

where p = [p10 p11 p13] is the power allocation vector, A =
[Ao A1 Ag] is the Lagrangian multipliers vector associated with
constraints (11a), (11b) and (11c), u = [u10 12 i3] is the
Lagrangian multipliers vector associated with the non-negative
power constraints (11d). The KKT conditions are

V,L(R1,p, A, p) =0, (13a)

Py —a1pi + (1 —a1) (p1o + p13) =0, (13b)
Ry —J; <0, (13¢)

Ry -5, <0, (13d)

pi >0, (13e)

Aj >0, p; =0, (13f)

wipi =0, (13g)

Xo(R1—Ji) =0, (13h)

A(Ry — S4) = 0. (13i)
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where i € {10, 12, 13}, j € {0, 1, 2} and V,f is the gra-
dient of f(.) at x. Specific expressions for V,L(R1, p, A, 1)
are given in Appendix B. - -

Depending on the relation between g;5 and gjg, several
cases for problem (11) can occur:

1) Case 1: g12 < g10-

In this case, J; < Sy. Therefore, (13c) can be satisfied
with equality (R} = J1) while (13d) is satisfied without
equality (R} < S4). Then, (13d) is an inactive constraint
and from (13f), (13h) and (13i), Aj > 0 and A} = 0 are
optimal. Moreover, it is known [15] that PDF relaying
is helpful only when the source-relay link quality is
better than the source-destination link quality. Since here
g12 < g10, requiring user 2 to decode will decrease the
transmission rate because it can decode at a lower rate
than the destination. Therefore, user 1 will choose to
send its message directly to the destination (aj = 0).
Then, with a7 = 0 and from the KKT conditions (13b)
and (13e), the optimal parameters are

O‘YZO’ 07{1207{3:0, pYOZPlv

which leads to the maximum rate as R} = C(gi,P1) -
2) Case 2: g12 > g10 and there is intersection between J;
and Sy.
In this case, both inequality constraints (11a) and (11b)
are tight. Both constraints (13c) and (13d) can be
satisfied with equality (R} = Jo = S4) and are active.
KKT conditions (13c¢), (13d), (13f), (13h) and (13i) then
lead to A§j > 0 and A} > 0.
3) Case 3: g12 > g10 and there is no intersection between
J1 and S4.
Here, we must have either J; < Sy or J; > S4 for
all valid power allocations. However, the case J; > Sy
cannot occur because with p13 = P;/(1—a), then J; =
0 and S4 > 0. Therefore, J; < Sy is the only valid case.
Hence, as in case 1, A\j > 0 and A7 = 0 are optimal on
KKT conditions (13c), (13d), (13f), (13h) and (13i).
In all cases, problem (11) can be solved analytically such that
the KKT conditions (13a) — (13i) are satisfied. In each case,
depending on the optimal values of ;4 being zero or strictly
positive, which means that the corresponding power is strictly
positive or zero, there can be sub-cases. Algorithms for solving
these cases are given in Table I. See Appendix B for the proof.

C. Optimal Schemes

Based on the above algorithm, we can identify the specific
scheme optimal for each channel configuration as summarized
in the following theorem:

Theorem 2. The optimal transmission scheme for maximizing
the individual rate of a half-duplex relay channel is obtained
by reducing the proposed 3-phase scheme into 2 phases by
setting avg = 0. Then, the optimal scheme is such that in
o Case 1: User 1 performs direct transmission to send
wy during the whole transmission time and user 2 stays
silent.
o Case 2.a: For a fixed o, the two users perform partial
decode-forward (PDF) relaying with message repetition
where in
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— The 1*" phase: user 1 sends w12, user 2 decodes it.
— The 3™ phase: user 1 sends (w10, w12) and user 2
sends wis.

e Case 2.b: For a fixed oy, the two users perform decode-
forward (DF) relaying where in
— The 1% phase: user 1 sends w1, user 2 decodes it.
— The 3" phase: both users send w;.

o Case 3.a: For a fixed o, the two users perform partial
decode-forward (PDF) relaying without message repeti-
tion where in

— The 1*" phase: user 1 sends w12, user 2 decodes it.
— The 3" phase: user 1 sends wig, user 2 sends wio.

e Case 3.b: For a fixed oy, the two users perform 2-hop
transmission where in

— The 1*" phase: user 1 sends w1, user 2 decodes it.
— The 3" phase: user 2 sends w1, user 1 stays silent.

In all cases, the destination only decodes at the end of the 3™
phase based on the signals received in both phases 1 and 3.

Proof: These optimal schemes are obtained from the
cases defined in Section IV-B and the algorithm in Table I. W
Theorem 2 provides a comprehensive coverage for all possi-
ble subschemes of the general PDF scheme for the half-duplex
relay channel. Moreover, it provides the specific signaling for
each subscheme. Drawing on Theorem 2, we can deduce the
followings: First, direct transmission between user 1 and the
destination is preferred if the link connecting them is stronger
than the inter-user link. Second, PDF relaying with or without
message repetition is optimal if the inter-user link is slightly
stronger than the link from user 1 to the destination. Third,
DF relaying is optimal if the inter-user link is much stronger
than the link from user 1 to the destination. Last, two-hop
transmission is optimal when the inter-user link is slightly
stronger than the link from user 2 to the destination and is
significantly (doubly) stronger than the link from user 1 to
the destination.

Building on these subschemes, the practical designer of
cellular, sensor or ad hoc networks can determine which
subscheme to use based on the channel configuration between
the users and the destination. For example, in the uplink of
a cellular network in an urban area, multiple mobiles can
concurrently be active in each cell. Two mobiles close to each
other, especially with a line of sight, are likely to have strong
inter-mobile link and can mutually benefit by cooperating with
each other to send their messages to the base station. Because
of the strong link quality between these two mobiles, Theorem
2 suggests that the designer can use full decode-forward as
a simple and optimal scheme for this case. More analysis
and numerical examples about the existence of each case are
provided in Section VII.

V. SUM RATE MAXIMIZATION

In this section, we derive the optimal power allocation that
maximizes the sum rate for fixed phase durations (aq, as).
Following a procedure similar to that for the individual rate,
we first formulate the problem as a convex optimization and
analyze its KKT conditions. We then obtain a theorem for
the optimal scheme for each channel configuration. We also



ABU AL HAIJA and VU: RATE MAXIMIZATION FOR HALF-DUPLEX MULTIPLE ACCESS WITH COOPERATING TRANSMITTERS

TABLE I: Algorithm for Maximizing the Individual Rate

Plo = (920910 V P53/P13 + a3/a2)

X ((1 + 920910/ P§3/Pfa> az — (a3/a2)a5) ~ g0

Definitions
a =g — 9, G2=gig +pu, a3 =g;f+pn, (14)
as = 14 ga0910 vV pa3/ P13, as = P13 + P2 + 2—\/013/)23,
bi = as(Pr+ g0 — (1 —a1)p1s) + arar + (1 — al)(a4a1 + a5),
2
1
bo=a1P+ (1 — Oél)g P23+ —a1 +2(1— Oél)alg_\/[)m‘p%a
910 910 g10
fi= a1C(giop11) + (1 — a1)C(g3(pr0 + as)) — a1C(giap11)
fa(prs) = (1—a)~'(P1 — ap}y) — p13 — (2f1/(1 ) — )
1— a1 2
= . C .
I3 o (910a5)
P —(1—a1)p13 1 1— 9590
f4(p13)= ( ) - 5 %—1 ,
(e31 910 \ 273 — gi2910
Case Algorithm
2.a: 20 >0, >0 Piq is obtained from solving f2(p13) = 0 with
and p19 =0 P11 = (2a4)” bl + \/b — dayby) gf02 and

2b: 20 >0,A1 >0
and K10 >0

Plo = 0 and
pi5 is obtained from solving f4(p13) = 0 with
pii=ap (P — (1 = an)ply).

3.a: A =0, >0,

pis =0, pi; = P1+ (1 —ai)ay,

#10 =0, 4113 >0 plg = P1 —aa;y.
3.b2/\1:0,)\0>0 pfgzpfozo,
p10> 0,13 >0 p11 = Pi/oy.
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consider the optimization for the symmetric channel as a
special case. Last, we analyze the maximum gain for the
individual and the sum rate with respect to the classical MAC.

A. Problem Setup

When both users have information to send, the throughput
(sum rate) is an important criteria for network operators. The
throughput shows a rate limit the network can tolerate before
starting losing packets or having congestion. Define the sum
rate as Sg = R+ Rs. With the 4 constraints on the sum rate
in (9), the optimization problem with fixed a; and oo can be
posed as

max Sg, (15a)
PSR

st Sp<Si, Sp<S,, (15b)

Sgr < 83, Sr <5y, (15¢)

Py = aipi1 + a3 (pro+ p13), (15d)

Py = aapaa + a3 (p20 + pa3), (15e)

pi >0, fori € {10, 20, 11, 22, 13, 23} (150)

where p = [p10 p20 P11 P22 P13 P23) is the power allocation
vector. This sum rate problem has not been considered in the
literature before.

Note that J; 4+ J5 in (9) is another constraint on the sum
rate, but this constraint is redundant since J; + J3 > S7. The
sum of the first parts in J; and Js is equal to the first two

parts in .S;. However, the sum of the second parts in J; and J5
is bigger than the third part in S;. This second part in J;(J2)
results from decoding wio(wzo) at the destination without
interference from other message parts. The third part in S}
results from decoding both wio and wsy at the destination
without interference from other message parts and this rate is
smaller than the rates obtained from decoding each part alone
without interference.

B. Optimization Problem Analysis

Similar to individual rate optimization, problem (15) is con-
vex because the objective function and inequality constraints
are concave functions of p while the equality constraints
are affine [16]. Since the objective function and inequality
constraints are continuously differentiable, KKT conditions
are necessary and sufficient for optimality. The Lagrangian
function for (15) is

3
=Sp—>_ M(Sr— k1) (16)

k=0
— M(a1pnn + (1 — a1 — a2) (p1o + p13) — 1)
= As(azp2z + (1 — a1 — az) (p20 + pa3) — P2) — - p,

L(SR7£7 Aa E)

where A = [Ag A1 A2 A3 Ay As] is the Lagrangian multipliers
vector associated with the rate and power constraints (15b),
(15¢), (15d), and (15e); pu = [110 f20 f12 f21 f13 po3] is the
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Lagrangian multipliers vector associated with the non-negative
power constraints in (15f). The KKT conditions are

V,L(Sr,p, A, p) =0, (17a)
Py —aipin + (1 — a1 — az) (pro + p13) =0, (17b)
Py —azpaa + (1 — a1 — az) (pao + p23) = 0, (17¢)
Sp—51<0, Sp—95,<0,
Sp—953<0, Sp—5,<0, (17d)
pi >0, (17¢)
Aj >0, p; =0, (17%)
wipi =0, (17g)
Mo(Sr—51) =0, A(Sk—Ss) =0,
No(Si—S5) =0, As(Sm—Si) =0,  (17h)
where i € {10, 20 12, 22, 13, 23} and j €

{0, 1 2, 3, 4, 5}. The exact expression for (17a) is given
in Appendix C.

Depending on the link qualities, problem (15) can specialize
to several cases:

1) Case 1: g12 < g10 and g21 < gao.

In this case, we can see from the sum rate expressions in
(9) that Sy is the minimum among (.51, Sa, Ss,.S4). The
constraint S —S7 = 0 is then the only active constraint
in (17d). Therefore, KKT conditions (17d) and (17h)
lead to A7 = A5 = A3 = 0 and Aj > 0. Moreover,
similar to the individual rate case, since g12 < g0 and
g21 < g20, requiring each user to decode part of the
message of the other user will decrease the rate. The two
users will choose to send their messages directly to the
destination instead of cooperating. With af = a3 = 0
and KKT conditions (17b), (17c) and (17¢), the optimal
scheme is obtained by setting

* * * * * *
a] =ay =0, piy = p3g = pig = pag =0,

plo = P1, p3 = Pa, (18)

which resembles the classical MAC with the maximum
sum rate as R = C(g%)P1 + g30%).
2) Case 2: g12 > g10 and g21 > g20.
In this case, S5 and S3 are redundant because both are
bigger than S, as noticed from (9). The constraints S —
Sy < 0 and Sg — S3 < 0 in (17d) are inactive and
KKT conditions (17d) and (17h) lead to A\] = A5 =
0. Moreover, we can show that neither S; < S; nor
S1 > Sy holds for all power allocations that satisfy
the power constraints. Sy is not always less than S
because with p;9 = aglPl and pyo = agng, then
Sy = S1. Also, S7 is not always less than S4 because
when maximizing S; alone, we can directly notice that
Pis = p5s = 0; then, regardless of the values of p7y,
P5as Plos and p3,, we obtain Sy < S since gi2 > gio
and ga1 > g20. Therefore, both constraints (Sg—S1 < 0
and Sp — S; < 0) must be tight and active, and KKT
conditions (17d) and (17h) lead to A§ > 0 and A3 > 0.
3) Case 3: g12 > g10 and g21 < g20.

Since g12 > g10, user 1 will send part of its information
via user 2. However, because g21 < go0, user 2 will
send its information directly to the destination. From
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KKT condition (17¢), the optimal scheme is obtained
by setting a5 = 0 and p3, = 0. By substituting these
values into (9), we obtain Sy = Sy and S3 > S4.
KKT conditions (17d) and (17h) lead to A} = A5 = 0.
Therefore, for a fixed o1, we have the same optimization
problem as in Case 2 but with a5 = 0 and p3, = 0.
4) Case 4: g12 < g10 and g21 > g20

This case is the opposite of Case 3. For a fixed aa,
problem (15) is considered with aj = 0, and pj; = 0.

For a fixed pair (a1, aq), solutions for cases 2, 3, 4 can be
obtained analytically such that KKT conditions in (17a)—(17h)
are satisfied as shown in Appendix C. The solutions are given
in Table II with the following definitions:

a1 =giy ~ 91z, 02= 0 — 92 (19)
az = 91_02 + p11, ay = 92_02 + p22,
as = pu1 + 915 s ag = 14 giop10 + 9020,
2 2

910»

1

2
a7 = 2g50, ag =

11—«
ag = 1+ g2op10 + g3(1 — ay) ' Py,
a1o = (1 —a1) ' (g5o Pr + 1) — giopio,
1+ g7 P1 + 950 P2

ailr =

1—&1
b1 = 2g§0(a2 + ag) + a6(2 — bg),
24+« 2a3 — a
b2 = —19f0a1 + 2&11, bg = #
11—y az — ax

bs = az(as + ngoag — pag),
as + ay
be = c2g50 + 910920 (2\/ 13 — ) )
20 P s

bs = ba + giop13 — gio(as + a1),
by = 910950 (a5 + a1)as '\/p13

by = a1 (ag + 3&10),

by = aizcs,

(as + a1)910(910 + 9204/ %)—(910\/013 + 9204/P23)

bio =
Lt (a5 +arag ' 22 [0
fr = a3 [a1C(giap11) + a2C (g5 p22)
— a1C(gfop11) — a2C(g30p22) |
fa(as) = 2¢35a3 — (a3 — a1) " (2a3 — a1)ag — (271 — 1)ag

2a3 —a
f3(p11) = 0.5(29%003 — %aﬁ) +ag—1
3 — W1

_ GioPL+ g5 P2 — c1giopin — asgiopon
1-— a1 — Q9

fa(pas) = (1 + (9104/p13 + 920\/@)2) ((a1/a3) — (az/a4))
+ g10 (910 + g20V/ p23/013) (a3 —a1)
— 920 (920 + 910V p13/023) (a4 — az),

2
f5(p13) = p13 — g1 (\/ 2f1 —1 - 920\//)23)

fo = (ar/as) (C(giap11) — Cgiop1))
2&3 — ax

)

fr(p10) = 2g7pas — (1 + giop10 + ga0P20)

as — ay
— (14 giopro + g50p20) (27 = 1),
fs(p13) = bro — (27 — 1)7! (grov/p13 + 920\/P23)2 ;

2
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TABLE II: Algorithm for Maximizing the Sum Rate

Case Algorithm
2.a af in (19) is obtained from solving fz(ag) = 0 with
p10 =0, | pry obtained from solving f3(p11) =0,
fro0 =0 | psy = (2a7)~" (b1 + V bt — darbz) — 92—02’ Pz = 0.5a3 — %7 Pi3 = %ph‘v
Plo = 0‘3_1(P1 — a1ply) — pis, and Pro = Oé?jl(P2 — (2p%,) — P33
2.b: Plo = P39 =0 and
t1o0 >0, | pis is obtained from solving f5(p13) = 0 with
oo >0 | ps obtained from solving fi(pa3) = 0,
piL= a7 (P1 — aspiy), and phy = oy (P2 — asphy),
3.a pto is obtained from solving f7(p19) = 0 with
pio =0, | piy = (2as) " (b5 + /02 — dasbs) — g15",
p20 =0 | pso=(1—a1) " P~ gogaq (1 — 1) " (P1 — 1) — pio),
pis = 0.5a5 — (a3 — a1)(2a3 — a1)(1 + giopio + 930P50)s
Ph3 = 95092_029’{3-
3.b: plo =0 and
w10 >0, | pis is obtained from solving fs(p13) = 0 with
oo =0 | piy = ((2b6)—1(bg + /0 4b6b7))
P30 = (1 —a1)~' Py — pi,
piy =01 (P —(1—01))pis
4 similar to Case 3 but interchanging the power allocation between two users.

C. Optimal Schemes

As in the individual rate case, for each channel configura-
tion, different optimal scheme for maximizing the sum rate
can result from the proposed scheme. Theorem 3 summarizes
them.

Theorem 3. The optimal scheme for maximizing the sum rate
in a half-duplex MAC-TC is

o Case 1: Both users send their messages during the whole
transmission time without cooperation as in the classical
MAC.

e Case 2.a: For a given pair (a1, s), both users perform
PDF relaying where in

— The 1°" phase: user 1 sends wio, user 2 decodes it.

— The 2™ phase: user 2 sends w1, user 1 decodes it.

— The 3" phase: user 1 sends (w1o, w12, wa1) and user
2 sends (wap, w12, Wway).

e Case 2.b: For a given pair (a1, ), both users perform

DF relaying where in
— The 1% phase: user 1 sends w1, user 2 decodes it.
— The 2M phase: user 2 sends wo, user 1 decodes it.
— The 3™ phase: each user sends both messages
(w1, ws).

o Case 3.a: For a given «; (here a5 = 0), user 2 performs
direct transmission and user 1 performs PDF relaying
where in

— The 1% phase: user 1 sends wio, user 2 decodes it.
— The 3" phase: user 1 sends (wyg,w12) and user 2
sends (wa,w12).

o Case 3.b: For a given oy (here o = 0), user 2 performs
direct transmission and user 1 performs DF relaying
where in

— The 1*" phase: user 1 sends w1, user 2 decodes it.
— The 3™ phase: user 1 sends wi and user 2 sends
(U}g, w1 )

o Case 4: This case is simply the opposite of Case 3.

In all cases, the destination jointly decodes all the messages
only at the end of the 3'¢ phase using signals received in all
three phases.

Proof: These optimal schemes are obtained from the
cases defined in Section V-B and the algorithm in Table II. W
Theorem 3 covers all possible subschemes for maximizing
the sum rate of the MAC-TC with partial decode-forward
relaying. The optimal transmission scheme at each user varies
from direct transmission to PDF to DF relaying as the link
to the other user respectively varies from weaker to slightly
to significantly stronger than the link between this user and
the destination. The following conclusions can be drawn
from Theorem 3. First, direct transmission from both users
is preferred if each inter-user link is weaker than the link
from the respective user to the destination. Second, when the
inter-user links are stronger than the user-destination links,
DF or PDF scheme from both users is optimal depending
on whether the inter-user links are slightly or significantly
stronger than the user-destination links. Third, when user 1
has a stronger link to user 2 than to the destination while user
2 has a weaker link to user 1 than to the destination, user 2
chooses direct transmission while user 1 performs PDF or DF
relaying depending on whether its link to user 2 is slightly
or significantly stronger than its link to the destination. More
analysis for the existence of each subscheme is given Section
VIIL.

For practical application pertaining to the uplink in cellular
networks, this theorem allows the designer to determine the
best scheme for each channel configuration. Especially when
the two mobiles are close to each other such that they
have very strong inter-link qualities, the theorem suggests the
use of simple decode-forward for maximizing the sum rate
transmission from these two mobiles to the base station.

Extension to more than two users is possible and a coding
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scheme for m-user MAC-TC is given in [6]. Although the
power allocation problem is similar to the two-user case, it will
be more complicated because of the increase in the number
of cases and power parameters to be optimized. Nevertheless,
the optimal scheme at each user is expected to be similar to
the two-user case in that it moves from direct transmission
to partial DF to full DF relaying as the inter-user links move
from weaker to slightly to significantly stronger than the user-
destination links.

D. Special Case of Symmetric Channels

Symmetric channels can occur when quantizing the channel
coefficients as done in practice, where the destination sends
feedback to the two users about quantized channel coefficients.
The destination employs round-down quantization to ensure
that the rates generated from the quantized coefficients are
achievable. The quantized coefficients will be the same if
the actual coefficients are close. Furthermore, the inter-user
links are the same based on reciprocity either with or without
quantization. Hence, symmetric channels can occur for a non-
negligible range of channel links in practice. For example, in
WiFi networks, the access point and computers usually have
fixed locations during use and the surrounding environment
is almost stable such that distance becomes the main factor
affecting link qualities. In such networks, symmetric channel
occurs if two computers have approximately similar distances
to the access point because of quantized channel coefficients.

In this section, we briefly analyze the optimal power allo-
cation for the special case of symmetric channels. The opti-
mization problem is simpler with more closed-form results.
In [13], we have derived the optimal parameters for a slightly
different coding scheme in which each user splits its message
into three parts; however, we show in [6] that it is equivalent
to the scheme considered in this paper.

Consider a symmetric channel with g19 = g20, 912 = ¢21,
and P, = P, = P. Then, piy = p3, P11 = P32: P13 = Pb3;
and o = a5 = a*. For the case g9 > gi2, the optimal
parameters are that of the classical MAC (i.e. no cooperation).
For the case gi12 > g10, we have KKT conditions similar to
those in (17a)—(17h). The optimal parameters can be obtained
for a fixed « as in Table III. The proof is similar to that for
the sum rate in Appendix C. We can then vary «, find the
corresponding maximum sum rate for each o and choose the
optimal o* that corresponds to the maximum rate overall.

E. Maximum Gain with Respect to the Classical MAC

We now analyze the maximum gain that can be obtained by
the proposed cooperative scheme compared with the classical
non-cooperative MAC. To find the maximum gain, we con-
sider the asymptote where (g12, go1) — oo and (Py, Py) — o0
and obtain the following theorem:

Theorem 4. The maximum gain obtained by the proposed
cooperative scheme compared with the classical MAC when
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(912, 921) — 00 and (Py, Py) — oo are

2042
A(R)) = C(on + 910920) ’

9%0
930 + 2910920
ARy) = C| =V,

920

2910920
A(Rl —|—R2) = C<7 . 21)

930 + 950
Furthermore, for symmetric channels with g9 = go0, the

maximum gain is equal to 2 bps/Hz for the individual rate
and 1 bps/Hz for the sum rate.

Proof: In the asymptote as (g12,921) — oo in (9), Sy
becomes the only active constraint. The maximum of Sy is
achieved with a3 — 1, py — Py, and ps — P,. Comparing
Sya* with the individual and sum rates for the classical MAC
[15], we obtain the following formula:

gmax _ po C(.Q%OPQ + 2910920 \% P1P2>
4 - 1 — 2 5
1+ glOPl
gmax (9%0131 + 2910920V P1P2>
1 —=Ry=C 5
1 + 920P2

(22)

2 v P P
Sflax_(R1+R2):C( 910920 1172 >

L+ g3 P1 + g5 P2

Letting (Py, P,) — oo, we obtain (21). [ ]

We will see from simulation results later that these asymp-
totic gains are closely reached even at reasonable link gains
and finite transmit powers.

VI. OPTIMAL PHASE DURATION

We have discussed algorithms for optimizing the power
allocation to maximize the individual and the sum rates with
fixed phase durations. These phase durations are indeed often
fixed in practical applications, for example in GSM sys-
tems (European standard for cellular networks). In GSM, the
available band for either uplink or downlink communication
is 25MHz. This band is divided into 125 sub-channels of
200KHz each using frequency division. Each sub-channel is
shared by 8 users using time division with 526.92us for each
time slot or phase. The proposed algorithms can be applied
there directly.

When the optimal phase duration is of interest, we can
use a numerical search method. In this section, we discuss
a simple grid search and its impact on the running time as
the number of users increases. We also propose a simple and
fast interpolation method that can achieve the optimal phase
durations with an accuracy of more than 90%. Numerical
search for the optimal phase durations is necessary since the
optimization problem for phase duration is non-convex.

A. Grid Search and Lookup Table

In grid search, the optimal phase durations are obtained
using exhaustive search over the entire range of oy > 0, g >
0, and a1 + as < 1. The grid search is one dimensional
(aq € ]0,1]) for the individual rate (R;) and two dimensional
(a1, ap) for the sum rate. Since the running time for each set
of phase durations is usually small, such grid search can be
efficient for obtaining the accurate optimal phase duration. For
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TABLE III: Algorithm for Maximizing the Sum Rate for a Symmetric Channel

Definitions

a1 and ao are the as in (14).

az = 4p13,

b =
by = (1 —a)ar +gig +2P,  psz = 0.25a1a3(1 — 2a) + 0.5a1 (2P + g;) -
f1 = 2aC(giop11) — 2aC(giap11) + (1 — 2a) log (g7 (b1 + as))

I
fa(prz) = (1 =20) " (P — api1) — p13 — (2939) " (21‘12‘* - 1) :

(202 — a1) "' ((az — a1)(2a2 — as)),

1 -2«
f3 = 2% 10g (1 + 4g%op13) .
1 1
fa(p1s) = =(P — (1 = 2a)p13) — 5 (27 — 1) (20)
o 2919
Case Algorithm
2.a: p%4 is obtained from solving fa(p13) = 0 with
f110 =0 ot = 0.5 (b2 + B 4b3) — g7 and
pio = (1 —2a)" Y (P —apy) — pi3
2.b: pio =0 and
1o >0 P15 is obtained from solving f4(p13) = 0 with
gty = o (P — (1 - 2a)pt,).

practical implementation in channels that vary slightly, these
optimal phase durations can be pre-computed offline for each
set of channel gains, then stored in a table and the algorithm
only needs to perform table lookup at run time.

Fast varying channels may require a large table to store the
optimization results for every channel configuration. Alterna-
tively, results for a set of sampled channel gains can be stored.
Then, if the actual channel gain is in between stored values,
a grid search for optimal phase durations can be performed
in between the two stored phase values instead of the whole
range [0, 1], which significantly reduces the searching time.

For extension to the m—user case, the number of cases
resulting from individual and sum rate optimizations is equal
to m + 1 and 2™, respectively. Numerical search for the
optimal o for the individual rate will consume similar time
to that required for the two user case since it is still a one-
dimensional search (o = o = ... = o,_; = 0). However,
finding the optimal phases af, a3, ..., and o, for the sum
rate becomes an m—dimentional search. Next, we propose a
simple method that can approximately achieves the optimal
phase durations.

B. Polynomial Approximation

Although the optimization problem for phase durations
is non-convex, it is observed through extensive numerical
examples to have a unique maximum in the range [0,1]
(see Figure 7 for examples of the individual and sum rates
versus phase duration). In addition, the curves around the
optimal phase durations suggest that they can be approximated
by quadratic functions. Therefore, we can use interpolation
technique for the individual and the sum rates as follows.

1) Individual Rate Interpolation: After quantizing the in-
terval of oy ([0,1]) into L > 3 points, calculate the optimal
power allocations for each quantized value of a;. Choose the
value o1 that leads to the maximum individual rate R
and two other points (a1,2, R1,2) and (1,3, Ry 3) that directly

surround (v 1, R1,1). Next, use these points to express R; as
quadratic function of «; [17]. The approximated optimal af
is obtained from the derivative of this function.

2) Sum Rate Interpolation: Similarly, quantize the interval
of a1 ([0, 1]) into L > 3 points. For each value of a4, quantize
the interval of ay ([0,1 — a4]) into T" > 3 points. For each
pair (a, o), calculate the optimal power allocations. Choose
the point (a1, ®21,Sg,1) that has the maximum sum rate
and four other points that surround it. Use these five points to
express Sk as a bivariate quadratic function of («1, ag). The
approximated optimal pair (a5, @) is then obtained from the
derivatives of the interpolated function [17].

In Section VII, numerical results comparing approximated
and optimal phase durations show that the interpolated values
approximate the exact values within a margin of 6% for the
individual rate and 10% for the sum rate.

VII. NUMERICAL RESULTS

In this section, we first compare the achievable rate region
of our scheme with an outer bound in Figure 2 to show
that it is near capacity-achieving. Then, in Figures 3-6, we
optimize our scheme for a network on a 2D plane with fixed
user locations while letting the destination move on the plane
and applying a channel gain model with pathloss only. These
figures show the geometrical regions of optimal schemes for
either the individual or the sum rate as well as the maximum
rate. Figure 7 illustrate the behavior of the maximum indi-
vidual and sum rates versus phase durations. Next, Figure 8
illustrates the exact and approximate optimal phase durations
for both the individual and sum rates obtained respectively by
the grid search and interpolation technique. Figure 9 illustrates
the gain in sum rate for symmetric channels. In all these
figures, we normalize the transmission time and the channel
bandwidth.

Figure 2 compares between the achievable rate regions of
the proposed scheme, the classical MAC and an outer bound
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Fig. 2. Achievable rate regions and outer bounds for the asymmetric half-

duplex MAC-TC with g2 = g21 = 5.

DF with message repetition (Case 2.b)

DF without message repetition (Case 3.b

Classical
MAC

> 0 %

U,

—2r PDF without
message repetition (Case 3.a)

—-4F;

o 1 2 3 4
X
Fig. 3. Geometric regions of optimal schemes for maximizing the individual

rate per destination location with oy = 0.5, v = 2.4, (Uy = user 1, Uz =
user 2). The different cases correspond to those in Theorem 2.

as derived in [6]. The outer bound consists of all rate pairs
(R1, Ry) satisfying (9) but replacing g%, by g%, + g3, and g%
by g3, + g3,. Results are plotted for different values of gio
and g20 while ﬁxing g12 = go1 = 5 and P1 = P2 = 2. This
figure shows that our scheme is near capacity-achieving: it is
close to the outer bound especially when the ratios gi2/g10
and go21/g20 are high. Figure 3 shows the geometrical regions
of optimal schemes for maximizing the individual rate as
described in Theorem 2. We fix a1 = 0.5, fix the locations of
user 1 and user 2 at points (—0.5,0) and (0.5, 0), respectively,
and allow the destination to be anywhere on the plane. We
use a pathloss-only model in which each channel gain g;;
is related to the distance by g;; = d;jw % where v = 2.4.
Let dj2, dyp, and dgo respectively be the distances between
the two users, user 1 and the destination, and user 2 and the
destination. Results show that the optimal scheme is direct
transmission if dyy < dy2, two-hop transmission if djg > 2d;2
and dy is slightly bigger than d;5, DF with message repetition
if dig >> di2 and dog > dio, and PDF with or without
message repetition in the remaining two regions. Here we
choose to fix «ay to simplify the computation, but similar
results can also be obtained with the optimal aj. Figure 4
presents R{** versus distance as the destination moves along
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Fig. 4. RP'®* with the optimal o] and with a1 = 0.5 when the destination
moves on the x axis (solid horizontal line in Figure 3).
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Fig. 5.  Geometric regions of optimal schemes for maximizing the sum

rate per destination location with oy = a2 = 0.2, v = 2.4, (U1 = user
1, Ua = user 2, TS = time slot (phase), DT = direct transmission, DF =
decode-forward, PDF = partial DF). The different cases correspond to those
in Theorem 3.

the line passing through both users for a; = 0.5 and for the
optimal 7, and compares this rate with the classical MAC and
the outer bound. Results show that as ratio dq/dq2 increases,
R7'** becomes closer to the outer bound. This phenomenon is
expected because when dig/d12 increases, gi2/g10 increases
such that g7y — g%y+gis. The two users then virtually become
one entity and the channel approaches a single-user one with
known capacity.

Figure 5 shows the regions of optimal schemes for max-
imizing the sum rate at each destination location for a; =
az = 0.2 and the same channel configuration as in Figure 3.
As the figure is symmetric, lets consider the right half plane.
There are 5 different regions that correspond to the first 5
cases described in Theorem 3. Results show that the optimal
scheme is classical MAC if d1g < d12 and day < d12, 3-phase
scheme (either DF or PDF) if d1¢p > di2 and dyg > d12, and 2-
phase scheme (either DF or PDF) if d1g > di2 and dog < di2.
Furthermore, the optimal scheme switches from DF to PDF as
the difference between dig and dog decreases. Similar results
can be obtained with the optimal o and as3.

Considering the inverse relation between distance and chan-
nel gain in the pathloss model, Figures 3 and 5 imply that
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Fig. 6. Maximum sum rate per destination location with a1 = a2 = 0.2
and v = 2.4.
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Fig. 7. Maximum individual and sum rates versus a for symmetric channels
with different values of g12.

as the inter-user link qualities increase in relation to the user-
destination link qualities, the optimal scheme transverses from
no cooperation to partial then to full cooperation. Figure
6 shows the maximum sum rate versus distance when the
destination moves in the first quadrant of Figure 5 (other
quadrants are symmetric to this one). Results show that as
the destination moves closer to one of the users, the sum
rate increases because the link quality between that user and
the destination becomes high such that the user can send a
large amount of information (as dyp or dag — 0, SE** — oo
bps/Hz).

Figure 7 shows the maximum individual and sum rates
versus « for symmetric channels. Results show that for each
inter-user link quality, there is a unique phase duration that
maximizes the individual or sum rate. Figure 8 shows the
interpolated and exact a* for both the individual and the
sum rates versus gijo for symmetric channels. Results show
that a* decreases as gio increases, i.e. the two users can
exchange their information in a smaller portion of time and
spend a bigger portion in cooperation. For the interpolated
individual rate, the interval of «; is quantized uniformly
into 8 points including 0 and 1 at which the rate is the
same as direct transmission. Similarly for the sum rate where
a1 = ag = « since the channel is symmetric. Results show
that the interpolated values are close to the optimal values
with error less than 6% for the individual rate and 10% for
the sum rate.
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Fig. 8. Interpolated and exact optimum o* versus gi2 for the individual

and sum rates of symmetric channels (gi0 = 1).
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Fig. 9. Maximum sum rate with the optimal o* for the MAC-TC and
classical MAC versus gi2 for symmetric channels with g19 = 1.

Figure 9 compares the sum rate of the MAC-TC with
the classical MAC for symmetric channels. Results show
that once gi15 > g10, the sum rate of the MAC-TC starts
increasing significantly and then reaches saturation. From (22),
the maximum sum rate gains that can be obtained with P = 2,
4, and 10 are 0.85, 0.92, and 0.95 bps/Hz, respectively, while
the asymptotic gain from Theorem 4 (with P — o0) is 1
bps/Hz. Hence, the sum rate gain approaches the asymptotic
gain even at low transmission power and finite link gain.

VIII. CONCLUSION

We have proposed a half-duplex cooperative scheme for
the MAC-TC and optimized its resource allocation to obtain
the maximum individual or sum rate performance. With fixed
phase durations, the power allocation problem is convex and
can be solved analytically based on the KKT conditions.
The optimal phase duration can then be found by numerical
search such as a simple grid search, lookup table or quadratic
interpolation. Depending on channel conditions, the optimal
scheme can be direct transmission, DF or PDF with or without
message repetition, or multi-hop forwarding. We also present
numerical results that illustrate the optimal scheme for each
geometrical location of the destination on a plane while
fixing user locations. These analyses provide guidelines for
implementing the proposed scheme in an actual network.
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As future works, it would of interest to consider the fading
channel and study its effects on the optimal resource allocation
for maximizing the average individual and sum rates or
minimizing the outage probability.

APPENDIX A
PROOF OF COROLLARY 1

The PDF scheme is similar to the proposed scheme in
Section III, but each user transmits both message parts in the
first two phases and decodes only one. Therefore, both users
construct their transmitted signals as in (3) but with X;; and
X22 as

X11 = p11Ur2(wi2) + PIOUlO(wlO)’
KXoz = +/p22Ua1(wa1) + P£0U20(w20)

where Ulo, Ugo, ‘/10, ‘/20, U, Ulla U22 are i.i.d ~ N(O, ].) and
the power constraints are

a1(p11 + pJ{O) + az(pio + p13) = P1,

as(paz + pho) + az(p20 + pas) = Po. (23)

The achievable rate for this scheme can be derived using a
similar procedure as in [6] and consists of rate pairs (R1, R2)
satisfying (9) with the following modifications. In Ji, Js, S1,

replace
) +C(9%0PJ{0) and

) + C(ggopgo)

giap11
1+ g%zpio
931P22

1+ g%lpgo

C(Q%Qﬂll) by C(
C(g3,p22) by C( (24)

and in So, S3, and Sy, replace

g3p11 by glo(p11 + plo)s Giop2z by g30(p22 + phy),

2 2
gi2P11 931022
gtap11 by —2o, and g3, pag by —
1+ gi2p10 + 931P20
Lets denote the rate constraints for this scheme as

(JI,J3,...,S]). This new region is equivalent to the region
in (9) if the optimal pJ{O and pgo are zero.

First, the sum rates S;, S; and Sl can be maximized with
pIO = on = 0. With these values, the second terms in S;
and Sg are maximized while the first terms are not affected
because we can allocate the whole power in the 1% and 2™
phases to p11 and pao, respectively.

Second, for JI s J; and SI , the different terms from J;, Jo
and S; are given by the new terms in (24). If g15 > g10 and
g21 > g20, these terms are maximized with pJ{O = pyo = 0.
This can be shown as follows. Let Pl(l) be the optimal power
transmitted from the first user in the 1% phase. Then, the first
new term in (24) can be maximized using the Lagrangian

Lipi1, plo ) = a1C (1 + ghaplo) " ghorn1)

+a1C(ghorle) + AP —ar(on +ply). 29)
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Taking derivatives with respect to p1; and pJ{O, we obtain

OL 2
_ . 912 ; _ al)\’

Op11 1+ giy(p11 + plo)

oL _ —glp11

8010 (1+ 9%2010)(1 + 912 (p11 + PIO))

9%0 — )
L+ giorio

Next, obtain A from setting % = 0 and substitute it into
oL
Dol to get

OL/9ply = arlgig +plo) " — aulgri’ + plo).
Since gi12 > g0, % < 0, this first new term in (24) is
decreasing in pTO and the optimal pJ{O = 0. Similarly, the
optimal value py5 = 0.

Third, if gi2 < g10 and go1 < g20, decoding at any user
will limit the rates; hence, we have o] = a3 = 0. Then, both
coding schemes reduces to the classical MAC.

Fourth, if g12 > g10 and g21 < ga0, decoding at user 1
will limit the rate; hence, the optimal scheme is obtained by
setting ao = 0. Then, we can show that the optimal pJ{O =0
following the same procedure in the first and second steps.

Similarly for g12 < 910 and g21 > g20.-

APPENDIX B
PROOF OF THE ALGORITHM FOR THE OPTIMAL
INDIVIDUAL RATE

In optimization problem (11), we first assume that p7 > 0
for I € {10,12,13}. Hence, their constraints are inactive and
p#* = 0. Therefore, the Lagrangian function in (12) becomes

L(R1,p,A) = R1 — Mo(R1 — J1) — Mi(R1 — S4)

— A2 (1p11 + (1 —a1)(pio + p13) — P). (26)

Now, we verify the KKT conditions in (13a)—(131i). Starting

from (13a), we take the derivatives of L(Ry, p,A) in (26) with
respect to all variables as follows.

oL

=1—-)Xo—A 27
IR, 0 1, 27)
oL (LA (1+ 22 o)
o = 3 = — (1 —a)As,
P13 E+p1o+p13+ﬁp23+23f—gm
oL A A
_ l041 o . 1a1 Lo
op11 — + p11 — + p11
912 910
L 1-—
88 =4 T o _ (1 — o)A
P10 — + p1o
910
+ (1 —Oél))\l

. .
ﬁ + p1o + p13 + %p% + 2228 /513023

gio

First, by setting 2= = 0 and 2= = 0, we obtain formulas

for Ao and \s. By substituting tﬁgse formulas into the third
and fourth equations in (27) and equating them to zero, we
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get the following equations for A;

B 3
A= g20 /p23 1 75717224—“1 ’
(1 RETTRY st) (E + p”) - 6.<71‘o2+/9u
M= : (28)

o [ (L))

2
where § = ﬁ + p1o + p13 + %P% + 222 /p13pas. By
equalizing these two equations, we obtain pj, as in Table
I (Case2.a). Then, by substituting these expressions into the
power constraint in (11) such that KKT condition (13b) is

satisfied, we get

P = aipl; + (1 —a1)(pio + pis)

=ai(az — g10) + (L —a1)(plo + pis)-  (29)

By substituting p}, into (29), we get p7; in Table 1. Hence,
we find p7; in terms of p},. In order to find p},, we use KKT
conditions (13b)—(13d). While (13b) is the power constraint,
KKT conditions (13c) and (13d) are equivalent to J; = Sy
when both constraints are tight. By using the power constraint
and the equality J; = S4, we obtain fo(pf;) = 0 in (14).
Therefore, for any o; we can find pjs, pjy, p7; and pis from
the above equations if there is a solution for fo(pi3) = 0 in
(14) that gives p1o > 0. This corresponds to Case 2.a.

Case 2.b: If fa(pj3) in (14) has a solution that gives
p1o < 0, KKT condition (13e) is not satisfied. Therefore, to
satisfy KKT conditions (13e) and (13g), we have pj, > 0
and pj, = 0. Hence, pj, = 0 is an active constraint. Then,
we consider (26) with p7, = 0. By using the power constraint
(KKT condition (13b)) and solving J; = S4 (KKT conditions
(13c) and (13d)), we can find pj; and p7; as in Table I (Case
2.D).

Case 3: As explained in Section IV, if there is no solution
for fa(pi3) = 0 in (14), this means that J; < Sy, ie.
only (13c) is tight while (13d) is not tight. From KKT
condition (13i), A7 = 0. Then, the problem becomes as in
(26) with AT = 0. Immediately, p73 = 0 (1113 > 0) because
it doesn’t affect J;. From the power constraint, we obtain
pto = (1 —a1)~Y(P1 — a13p11). By substituting this p%, into
J1 and equalizing to zero the derivative of J; with respect to
p11, we obtain p7; in Case 3.a or 3.b

APPENDIX C
PROOF OF THE ALGORITHM FOR THE OPTIMAL SUM RATE

A. Case 2: gi12 > g10 and g21 > g20

In this case, Sy < S5 and Sy < S3. Therefore, the
constraints Sg — Sz < 0 and Sg — S3 < 0 in KKT condition
(17d) are inactive. Moreover, we first assume that p; > 0 for
I € {10,20,12,21,13,23}. Hence, their constraints in KKT
condition (17¢) are inactive. Therefore, from KKT conditions
(17g) and (17h), we have A\; = Ay = 0 and p7 = 0. Then, the
Lagrangian function in (16) becomes

L(Sg,p,A) =Sk — Xo(Sr — 51) — A3(Sk — S4)
— A (a13p11 + as(pio + p13) — Pr)
— A5 (a2p22 + az(pao + p23) — Po) -

(30)
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From KKT condition (17a), we take the derivatives over all
variables and get

OL
R W 31
95, 0— A3 (31)
oL  @3A3g10 (910 + 9204/ %) \
Ip13 &2 ’
oL  3A3920 (920 + 9104/ %) \
= —a
Opas &2 370
oL 3975\ JloasAs
= 3 3 — a3y,
Opro 1+ g7i9p10 + 950020 &2
oL 39500 G300 3
= 2 2 —ashs
Op20 1+ g7pp10 + 950020 &
8L o alg%2)\0 g%oal)\g
- 2 2 - al)\47
dp11 1+ giap11 1 + 910,11
oL 2\ 2 o\
_ 0429221 0 + 920a22 3 s
Opaaz 1+ g51p22 1+ 930022
where & = 1 + g3(po + p13) + 930(p20 + po3) +

2910920~/P13p23. By setting aaTLR =0, % =0and aap; =0,
we obtain formulas for Ao, A4 and A5, respectively. By
substituting these formulas into the other 4 equations and
setting them to 0, we get the following equations for As:

&2
A — , (32)
¢ ;
§2+ 9109204/ P23Pf31 (gﬂf +pio+ ggogﬂfpzo)
\@ _ &2
W= ,
&2+ glogzom (9;()2 + 9%09502p10+p20)
A® — &
3 = 2 ’
—1 —2 g +r11
+ g204/ + +& —¢ ( 12 )
g1o (glo 9204/ P23P13 ) (912 pu) 2 2 912 +e11
RO &2
3 = —32
—1 —2 991 tr22
+ g104/ + +& —¢ ( 21 )
920 (920 9104/ P13P23 ) (921 p22) 2 2 932 +P22
By comparing these equations, we get
2
(1) (2) 910
)\3 = )\3 = P23 = —5 P13 (33)
20

= &=1+ g%oplo + g§0p20 + 49%0p13
AD =AY = gg= BTU 92 00
3 3 ag 243 — a1 (297003 )

aq — az

)\gz) = )\g4) = ag = o (293,04 — G)

2&4 -
where G = 49%0;)13, and ag, a1, as, ag and a4 are defined in
(19). By getting two formulas for G from (33) and equalizing
them, we get p3, in Table II (Case 2.a).

Up to this point, we have found the relations between p;3
and p23, and between p11 and pao. To find the relation between
p11 and ag directly, we use the power constraints in (11) to
satisfy KKT conditions (17b) and (17c). Then, we get

giop10 + grop20 = a3 (g0 (Pr — a1p11)) — gioprs
+az! (ggo(Pz — azpa2)) — g30p23
—as — 1= 03" (gi0Pr + g2 P2 — c1giopi1 — cr2g30p22)
— 0.5G (34)

where (34) follows from g?,p13 = g3,p23. By substituting
P11, p22 and G in terms of ag and a4, we obtain f3(p3;) in
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(19). Hence, for each ag, we find p33, p7; and p3,. Then,
we find two expressions for p13 from G and S; = S4 which
resembles KKT condition (17d); subtract them to get f2(ag)
in (19). Finally, from the power constraints, we obtain pj, and
p5o in Table II (Case 2.a). If the solution for fy(af) in (19)
gives positive ag — 1, the results correspond to Case 2.a.

Case 2.b: af — 1 < 0 as in the solution for f2(ay) in (19).

This case means that KKT condition (17e) is not satis-
fied. To satisfy KKT conditions (13e) and (17f), we have
Wios M3 > 0 and pjy = p3yg = 0 and they are active
constraints. Therefore, we obtain the Lagrangian function in
(30) but with p19g = p2g = 0. First, from KKT conditions
(17b) and (17c) (power constraints in (11)), we obtain the
relation between pj; and pj,; and between p3, and p34 as in
Table II (Case 2.b). Then, by taking the derivatives, we obtain
oL 9L L L

o . .
Bpia’ Doss Dpry» and 5% as in (31) except with &, replaced

by & =1+ (g9104/P13 + g204/P23)*. Following similar steps
to the previous derivation, we get )\g?’) and )\:(;l) in (32). By
equalizing these two A, we obtain f4(p34) as in (19). Finally,
from KKT condition (17d) (S1 = S4), we obtain f5(p%3) as
in (19).

B. Case 3: g12 > g10 and g21 < goo

For this case, we use the Lagrangian function in (30) but
with as = 0, pa2 = 0. The derivatives of the Lagrangian
function with respect to all variables are similar to those in
(31) but without %. As in Appendix C-A, by substituting
Ay and As given in the first 2 equations in (31) into the
next 3 equations and setting them to 0, we get the same
equations for A\ in (32) but without A§4). Since the first three
equations in (32) are equal, by comparing them, we get the first
two equations in (33). By using the power constraint (KKT
conditions (17b) and (17¢)), we get the same formula in (34)
but with pa2 = 0 and as = 0, then we can obtain the relation
between p7, and pj, as given in Table II (Case 3.a).

We now have 4g7,p13 = G and S; = S; (KKT condition
(17d)). By subtracting these equations, we get f7(p7,) in (19).
Finally, we obtain p3,, p73 and p35 in Table II (Case 3.a). If
the solution for f7(p7,) in (19) gives p3, > 0, we have Case
3.a.

Case 3.b: piy < 0 as in the solution for f7(pj,) in (19).

In this case, our assumption that p > 0 is inactive is not
correct. In order to satisfy KKT condition (17e), we have
pio = 0 and pq1p > 0. Then, the Lagrangian function in (30) is
considered with p;g = p22 = 0 and as = 0. From the power
constraints (KKT conditions (17b) and (17c)), we obtain p3
and p7; in Table II (Case 3.a). Then, by taking the derivatives,

. 9L 0L 9L : .
we obtain BDp13’ Doss’ Dpag 38 1N (31) but with &, replaced by

& = 14 g39p20 + (g104/P13 + g204/P23)?. Following similar
steps to Case 2.a, we obtain )\§2) and /\53) in (32) but with &3
instead of &». By setting )\:(f) = )\g?’), we obtain p34 in Table
II (Case 3.a).. Then, from S| = S; (KKT condition (17d)),
we obtain fg(pjs) in (19).
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