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Abstract—We propose a half-duplex cooperative scheme for
a discrete memoryless channel (DMC) consisting of two users
communicating with one destination. The half-duplex constraint
is satisfied by performing the communication over 3 time slots
with variable durations in each code block. Each user alterna-
tively transmits and receives during the first 2 time slots, then
both of them transmit during the last one. Different from [1],
here we use joint typicality instead of maximum likelihood (ML)
decoding to derive the rate region. The main contribution is in the
joint decoding and proof techniques that concurrently combine
code segments of different lengths.

I. INTRODUCTION

Recently, a continuous growth in multimedia services de-
mands new technologies that meet the high speed and through-
put requirements. Cooperative communications offer a viable
solution. Examples include the multiple access channel (MAC)
with generalized feedback and the relay channel. Achievable
rate region for MAC with generalized feedback has been
derived in [2] using block Markov encoding [3] and backward
decoding [4]. The application of this coding scheme into
cellular networks operating over fading channels has been
analyzed in [5]. The relay channel is another model introduced
in [6]. The capacity region for the degraded relay channel has
been derived in [7] along with several schemes such as decode-
forward and compress-forward. These coding schemes assume
full-duplex operation for each user.

On the other hand, half duplex cooperative communications
have received a great attention of research recently as a more
practice constraint [8]-[12]. The capacity region of the relay
channel with orthogonal components from the sender to the
relay and from the sender and relay to the destination, which
models frequency division, has been derived in [13].

In [1], we proposed a new cooperative half-duplex scheme
that combines the ideas of the MAC with generalized feedback
and relay channels with partial decode-forward relaying. The
proposed scheme consists of 2 users in half-duplex mode
cooperating in order to increase their rates to the destination.
Each transmission is independent and is divided into 3 time
slots. These time slots implement the half-duplex requirement
while the independent blocks remove the Markovity among the
transmitted codewords and the need for backward decoding as
used in [2], [5]. These characteristics allow the scheme to meet
practical half-duplex and delay constraints. The achievable rate
region was derived in [1] using superposition encoding and
joint (ML) decoding. In this paper, we provide another proof
of the achievable rate region using joint typicality decoding

[14] where the destination will jointly decode what it receives
during the three time slots in each transmitted block. The
proof involves an analysis of error events defined jointly over
multiple time slots with different lengths. As a consequence,
the probability of these error events becomes the product of the
error probability in each time slot. Then, the rate constraints
can be obtained by combining the upper bounds of these error
probabilities.

The remainder of this paper is organized as follows. The
channel model is described in Section II. Section III explains
the encoding, and the decoding schemes. Section IV then
provides the achievable rate region, the joint typicality error
analysis, and some numerical results. Finally, Section V con-
cludes the paper.

II. CHANNEL MODEL

The two user discrete memoryless cooperative half-duplex
channel can be defined as shown in Fig.l1. It consists of
two input alphabets X; and X5, three output alphabets ),
Y12, and )soi, and three conditional transition probabilities
p(ylz1, z2), p(y, y12|z1), and p(y, ya1|z2), respectively. This
channel is similar to that described in [2]. However, in order
to satisfy the half duplex constraint, we require that no two
transition probabilities occur simultaneously. Because of this
new requirement, the coding scheme given in [2] can not be
directly applied to derive the rate region.

A (n,[2"F1] [27F2] P,) code for this channel consists
of two message sets Wy = {1,...,[2"f1]}, and Wy =
{1,...,[2"#2]}, two encoding functions fi;, f2i, @ =
1,...,n, and one decoding function g:

fli:W1 Xy;l_l —>X1,7;: 1,...,7’L

f2i : W2 Xyi;l HXQ,Z.: 1,...,?’L

g: V" — Wi x Wy (1)
Finally, P, is the average error probability defined as the
P. = P(g(Y"™) # (W1, Ws)). A rate pair (Ry, Ra) is said
to be achievable if there exists a (n, [27%1], [2"#2], P,) code
such that P, — 0 as n — oo. The closure of the set of all

achievable rates (Rj, Ry) is the capacity region of the half
duplex cooperative scheme.

III. A HALF-DUPLEX COOPERATIVE SCHEME

In [1], we proposed a half duplex cooperative scheme in the
following manner. Each of the independent transmitted blocks
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Fig. 1. Channel model for the half duplex cooperative scheme.

is divided into 3 time slots with variable durations. The first
user will transmit during the first time slot and receive during
the second time slot while the second user does the opposite.
Then in the third time slot, both of them will cooperatively
transmit. Finally, the destination will jointly decode what it
receives during the 3 time slots. The encoding is performed
by employing rate splitting and superposition coding while the
decoding is performed using joint (ML) decoding.

In this paper, we will use joint typicality decoding to derive
the achievable rate region. The transmission from the first user
is performed as follows. First, it divides its message, W7, into
three parts. Then, the first and the third parts Wiy, and W3 are
private and are transmitted directly to the destination at rates
R0, and Rj3, respectively. The second part Wis is public
and is transmitted to the destination in cooperation with the
second user at rate R12. Similar transmission is performed by
the second user. Next, we describe formally the encoding and
decoding schemes.

A. Encoding Scheme

This encoding scheme is similar to [1]. We will rewrite it
here for the ease of reference. Denote P* as the following
joint distribution:

P = p(u)p(v)p(z10|w)p(21s]u, v)p(w20|v)p(@2s|u, v). (2)
1) Codebook generation: Fix P* and then generate:
o [Wia| = [2712] sequences u™(w2) iid ~ [T\, p(u;).
o [Wai| = [2"F21] sequences v™ (w21) iid ~ [[;_; p(v;).
Then for each u™(wi2), and v™ (w21 ), generate:
o |[Wio] = [27%10] sequences 27y(wio,wi2) iid ~
[T=, p(z10:|u;), and
o [Wao| = [2720] sequences z3)(wao,wo1) iid ~
[T, p(20i|vi), respectively.
Finally, for each pair (u"(wi2),v" (wz1)), generate:

. |W213| = [27F3] sequences x74(wi3,wi2,war) iid ~
[Ii—; p(w1si|ug, v;i)
o |[Waz| = [27F23] sequences x3;(wa3,wia,wa1) iid ~

H?:l P(w23i|ui, v;).
The encoding and decoding at each block can be explained
with the help of Table I, where 0 < a; + as < 1.

2) Encoding: In order to send the message pair (Wy, Ws),
the first user sends z7}" (w10, w12) during the first ayn uses
of the channel. At the ends of the 2" time slots, this user
will have the estimated values (s, Wa1). Then, during the
last (1 — oty — az)n uses of the channel, the first user sends
1'?37(a1+a2)n+1(w137 w12, Wa1 ). The transmission of W from

the second user is done in a similar way. Hence, we can easily
see the partial decode-forward cooperation in the sense that
during the first two time slots, each user decodes both private
and public parts of the message of its partner. Then, each
forwards only the public part in addition to its second private
message during the 3™ time slot.

B. Decoding Scheme

In this section, we will use joint typicality decoding instead
of the (ML) decoding as used in [1]. We will also see that
both decoding techniques lead to the same achievable region,
but the proofs are different and can not be trivially inferred
from one another. Thus in this paper, we analyze in detail the
joint typicality decoding.

1) Decoding at each user: At the end of the 1% time slot,
the second user uses joint typicality decoding rule to decode
(w10, w12) from its received sequence Y72. The second user
decodes (w1p,w12) as the transmitted symbols if it is the
unique message pair such that

(u™ ™ (W12), 275" (W10, W12), Yi2) € AT,
Similarly, the first user decodes the unique message pair
(@20, 12]21) such that

(V2" (Wa1), 253" (Wa0, Wa1), Yor1) € AZ2".

2) Decoding at the destination: At the destination, since
our transmitted blocks are independent, we can decode the
message transmitted in each block at the end of that block.
The destination performs joint typicality decoding using the re-
ceived signals during all 3 time slots in each block. Hence, the
destination looks for a unique (W12, Wa1, W10, Wao, W13, Wa3)
such that (3) is satisfied.

IV. ACHIEVABLE RATE REGION BASED ON JOINT
TYPICALITY
A. Achievable Rate Region
With the scheme described in Section III, the achievable rate
region is the convex closure of the rate-tuples (R1g, R12, R13,
Rso, Ro1, Ro3) satisfying:
Ry <min (a1 1(X10; Y1|U), a1 1(X10; Y12|U)) = I
Rig + Ri2 < a11(X10;Y12) = 12
Ryo < min (aol (Xa0; Ya|V), ol (Xo0; Y21|V)) = I3
Ryo + Ro1 < anl(Xa0;Ya1) = 1y
Riz < (1 —oq — ) (X13;Y3|U, V, Xo3) = I
Roz < (1 —oq — a2)I(X23;Y3|U,V, X13) = Ig
Riz + Roz < (1 — a1 — o) [(X13, Xo3; Y3|U, V) = I7
Ry + Roz < o I( X105 Y1)+
(1 -0y —a9)l(Xy3, Xos; Y3|V) = I
Ry + Ry3 < aol(Xog; Yo )+
(1= a1 — ag)l(X13, Xo3; Y3|U) = Iy
Ri + Ry < anl(Xy0; Y1) + aal(Xao; Yo)+
(1 — a1 — ag)l(X13, X23;Y3) = I1o 4)

for some P* as defined in (2) and 0 < a1 + ay < 1.
Now, by applying Fourier-Motzkin Elimination (FME) to the



1% slot with length a1

2'd slot with length apn

3" slot with length (1 — a; — ag)n

First user x7g " (w10, wi2)

n 7
x13,(a1+a2)n+1 (wl?n w127 'LU21)

Second user

z5d" (wa0, w12)

= —
L23, (a1 +az)ntl (w23, w12, w21)

Y21 —_ (11)20712}21) -
Yio (W10, W12) —— -
v Y, Y, Y;

(w12, W21, W10, W20, W13, w23)

Table I: The encoding and decoding schemes for half duplex cooperative scheme

{(u™™ (12), 273" (W10, W12),

(u(lff’él*DQ)n (1—a1—az)n

(1—a1—az)n
Z13

(12),v (W21),

Yl) S A?ln, and( a2n(’LU21) wggn(’d}go,’ﬁQl) YQ) c A?2”7and

(W13, W12, Wa1),

3)

Iélg “ a2)n(w23,ﬁ112,1@21)7y3) € Allmon—any

By ={(u™"(1), 275" (1,1), Y1) & A"}
Ey :={(u™"(1), 27" (w10, 1), Y1) € AS™ for some wig # 1};
By :={(v**"(1), 25" (1,1), Y2) & A"}
Ey :={(v**"(1), 258" (w20, 1), Y2) € AZ?™ for some wag # 1};
By ={(umermoan(1), pltmemean (1) {7 m e (1 1), gl TN (1,1,1), Vs) ¢ ATy,
Ee i={(ute1—e2)n (1) pi-er—a)n(q) 4l 1 o)y 1, 1), 25 T, 1,1), Ys) € AT 927 for some wig # 1}
Ep ={(umer—e2)n(1) p-ea= Otz)n(l)7 1 o1 "‘2)"(1’171)7 2%,) 1—az) "(was, 1,1),Ys) € ALT41792)" for some wo3 # 1};
o {181, 001 (1) Dy 1) 1 gy 11),5) € AT for some
(wiz # 1,waz # 1)};
By :={(u™"(1), 275" (1,1), Y1) ¢ AZ"", and (v**"(1),255"(1,1),Y2) ¢ AZ*", an
(utmeamealn (1), o meameadn (1), g T TN (L 1, 1),y T (L L), Y3> g Al
B :={(u"(wi2), 273" (w10, w12), Y1) € Aaln ,and(v*2™ (1), 253" (1,1), Y2) € AZ2" and (u' =1 702" (wyp), o1 700200 (1),
x%_al_az)"(wlg,wlg, 1), :17% o az)n(’u}gg, wia,1),Ys) € ALl=1722)" for some wyy # 1 and any (w1, w13, was) };
Enp i={(u"(1), 234" (1,1), Y1) € A", and(v°*" (wa1), 253" (w20, war), Ya) € AZ?™, and(ul! =727 (1), o1 =01 70207 (),
x% o1=az)n " (w13, 1,wa1), :17% o az)n(wzg, 1,wo1), Ys) € AL~1792)" for some woy # 1 and any (wag, w13, we3) };
Ero i ={(u**™(w12), 273" (w10, w12), Y1) € A", and (v*2"™ (wa1), T98 " (w20, w21), Y2) € AZ?", and
(ultmonmazIn (o) pmer=e2in (4, ) x% “T az)n(wm,wlz,wm) xéé o 02)7'(w23,w12,w21),Y3) € Allmon—azn
for some (w12 # 1,w91 # 1) and any (w1g, w13, wag, Waz)}- (6)

inequalities in (4), the achievable rates in terms of Ry =
Rig+ Ri2+ Ri13 and Ry = Ryg+ Ro1 + Ra3 can be expressed
as

R’
Ry
Ri 4+ Ro
Ri+ R,
R+ Ry
Ri+ Ry

<+
<Iy+ s
<Ir+DL+ 1,
<D+l
<Iy+1g

< Lo @)

B. Joint Typicality Error Analysis

Without loss of generality, assume that the message vector
(w2 = w21 = wip = wy = wiz = w3z = 1) was
sent. The error events at each user can be analyzed as that
for the broadcast channel given in [14]. To make these error
probabilities approach zero, the rate constraints (I, I4) and
the second part of (1, I5) must be satisfied.

On the other hand, decoding error occurs at the destination
only if one of the events in (6) occurs.

By using LLN and the packing lemma [14], it can be shown
that the probabilities of the above errors go to zero as n —
oo if the rate constraints involving (I5 — Ijp) and the first
part of (I, I3) are satisfied as given in (4). Because of space
limitation, we provide here a full analysis for 12 only since
it is the most complicated event. Pg,, can be expressed as

on(R1+R2) _q

>

=1

PE12 = PE127‘,7

where Pg,,, is the probability of error for a particular set
of messages (wig, w12, W13, Wag, Wa1,Ws3). Since this error
event is defined jointly over all 3 time slots, its probability
can be expressed as a product

PElQi = PE%% X PE%M X PE%M’

1 2 3
where (Eio;, Eiy;, E79;) are the error events correspond to



the first, second, and third time slot, respectively. PE112, can
be expressed as

Pgi, = )

(u,z10,91) €A™
<20¢1’IL(H(U,X1(),Y1)+€)

p(w)p(z10lu)p(yr)

.27a1n(H(U7X10)*6) . 2*a1”(H(Y1)*5)
:2—a1n(I(U,X10;Y1)—36)

—9—ain(I(X10;Y1)—3€)
Similarly, Ppo < 27 2n(I(X20;Y2)=3¢)
Finally, PEiz;zclan be expressed as

Py, = >

(1—ap—ag)n
(u,v,m13,T23,y3) €A 172

p(u)p(v)p(z13]u, v)p(w23]u, v)p(Ys)
<2(1—Oé1—a2)n(H(U,V,X137X23,Y3)+€)

'27(170417&2)7’1(H(U7V7X13ax23)76)
9~ (I—a1—az)n(H(Yz)—e)
—9—(l—a1—a2)n(I(U,V,X13,X23;Y3)—3¢)

—9—(l—ar—az)n(l(X13,X23;Ys)—3¢€)

Therefore, Pg,, can be upper-bounded as
Py <on(Ri+R2)  9g—onn(I(X10;¥1)—3€)—aan(l(X20;Y2)—3€),
12 —

2—(1—(11—a2)n(I(X13,X23;Y3)—36) .

Hence, Pg,, — 0 as n — oo if I in (4) satisfied.

C. Numerical Results

Fig. 2 shows the achievable rate region of the proposed
half-duplex scheme over the Gaussian channel. The results are
compared with that of the classical MAC and the full duplex
scheme given in [2], [5]. In this figure, we set the transmitted
signals from each user to be jointly Gaussian with total power
constraint equal to 2. We also assume that the noises at the
two users and the destination are i.i.d.~ N (0, 1). Finally, Ko,
and Koy are the inter-user channels coefficients, Kig, and
K5q are the channels coefficients between each user and the
destination. The results are obtained with K1y = Koy = 1
and different values of K15 = Ks;. Results show that the
new scheme leads to a larger rate region compared with the
classical MAC. The amount of rate improvement increases
with better inter-user channel quality K7,. Comparing to the
full duplex scheme, it is expected that our scheme has a smaller
rate region. However, we can see that as K5 increases, the
two rate regions become closer till they are identical when
K 12 — OQ.

V. CONCLUSION

In this paper, we analyzed a new cooperative half-duplex
scheme where the transmission is performed over 3 time slots
in each of the independent transmission blocks. We derived its
achievable rate region using superposition encoding and joint
typicality decoding techniques. Finally, we presented some
numerical results that show the advantage of this scheme over
the classical MAC.
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Fig. 2. Achievable rate region for half duplex cooperative scheme compared
with classical MAC (Klo = KQU = 1, K12 = Kzl).
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